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Abstract

In this paper, we study prediction problems for paired comparison data, for exam-
ple, predicting the win probability between two unmatched players and ranking
all the players according to the order of their strengths by using win probability
data between two matched players. Paired comparison data are typically ana-
lyzed using Bradley-Terry and Thurstone-Mosteller models. These models predict
the win probability by transforming the difference between learned rate parame-
ters, which represent players’ strengths, with a pre-specified inverse link function,
and employ the order of learned rate parameters for player ranking. However,
these models may suffer from model misspecification owing to the selection of
a fixed inverse link function. Therefore, in this study, we propose to learn the
rate parameters by a (sub-)gradient method and the inverse link function by an
isotonic regression technique alternately. The proposed model guarantees mono-
tonic improvement in training error, and is likely to yield an exact tie when the
available data is insufficient to establish a strict ranking. We also verified that
the proposed model could improve the win probability prediction and ranking
performance through numerical experiments with synthetic data and real-world
data of football Premier League, baseball MLB, and tennis ATP tour.

Keywords: Isotonic regression, Bradley-Terry model, paired comparison data

1 Introduction

In this paper, we study prediction problems for paired comparison data [1, 2], for
example, predicting the win probability between two unmatched players (or teams)
and ranking all the players according to the order of their strengths by using win
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probability data between two matched players for chess, tennis, and soccer matches.
Similar problems arise in surveys of people’s perceptions and preferences, as in Kissler
and Bäuml [3], Maydeu-Olivares and Böckenholt [4], Mazzuchi et al. [5] and Chatbot
arena [6, 7], since it is burdensome for subjects to completely rank all items and a
survey often only inquire comparisons between two items.

Paired comparison data are typically analyzed using generalized Bradley-Terry
model, such as Bradley-Terry model [8–11], Thurstone-Mosteller model [12, 13], and
variants by Stern [14]. These models introduce real-valued rate parameters that rep-
resent players’ strengths, predict the win probability by transforming the difference
between learned rate parameters with a pre-specified inverse link function, and rank
the players from highest to lowest according to the descending order of the learned
rate parameters.

Generalized Bradley-Terry model has excellent interpretability and usability. How-
ever, conventional usages of generalized Bradley-Terry model that select a fixed inverse
link function before learning rate parameters may suffer from model misspecification
and perform poorly. We are interested in how good a model can be designed while
maintaining the excellent interpretability of generalized Bradley-Terry model that
represents players’ strengths by real-valued parameters. Therefore, in this paper, we
propose to learn not only the rate parameters but also the inverse link function, and
to mitigate model misspecification by iterating these learnings alternately: there, we
learn the rate parameters by a (sub-)gradient method and the inverse link function by
an isotonic (monotone) regression technique [15–19]. We also study under what sit-
uations the proposed model can improve the win probability prediction and ranking
performance through synthetic data experiments, and verify practical effectiveness of
the proposed model through real-world data experiments.

The remaining part of this paper is organized as follows: Section 2 presents the
problem formulation and review of generalized Bradley-Terry model. We describe the
proposed model in Section 3, and discuss relationships between that model and related
model, nonparametric Bradley-Terry model [20–22] in Section 4. In Sections 5.1 and
5.2, we present results of the numerical experiments respectively for synthetic data
and real-world data. Our experimental codes are summarized at https://github.com/
yamasakiryoya/IBT. Finally, we conclude this study and mention future prospects
regarding the proposed model in Section 6.

2 Preliminaries: Problem Formulation and
Generalized Bradley-Terry Model

In this section, we describe the formulation of prediction problems for paired compari-
son data addressed in this paper, and review a conventional statistical model for those
problems, generalized Bradley-Terry model. In order to facilitate concrete understand-
ing, this paper adopts the description and terminologies supposing the win probability
prediction and player ranking as application.

Suppose that there exists 𝑛 ∈ N players (or teams) in total, and that
we have data about the win probability for matches (e.g., chess, tennis,
and soccer) between two different players: let 𝐷tra ≔ {(𝑖, 𝑗) ∈ [𝑛]2 |
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Fig. 1 Examples of the inverse link function 𝜎.

players 𝑖 and 𝑗 have played a match at least once.} (note that ( 𝑗 , 𝑖) ∈ 𝐷tra when
(𝑖, 𝑗) ∈ 𝐷tra), where we suppose that a player can either win, lose, or draw in each
match, and let win probability 𝑦𝑖, 𝑗 be

‘the number of times that (#) player 𝑖 has won player 𝑗’
+0.5×‘# players 𝑖 and 𝑗 have drawn’

‘the number of matches between players 𝑖 and 𝑗 ’
(1)

so that 𝑦 𝑗 ,𝑖 = 1 − 𝑦𝑖, 𝑗 for every (𝑖, 𝑗) ∈ 𝐷tra according to the convention [23, 24].
We are interested in predicting ‘the probability that player 𝑖 will win player

𝑗 ’ + 0.5 × ‘the probability that players 𝑖 and 𝑗 will draw’, which is also
denoted 𝑦𝑖, 𝑗 , for an unmatched player pair (𝑖, 𝑗) ∈ 𝐷tes ≔ {(𝑖, 𝑗) ∈ [𝑛]2 |
players 𝑖 and 𝑗 have not played a match.} ⊆ {(𝑖, 𝑗) ∈ [𝑛]2 | 𝑖 ≠ 𝑗} \ 𝐷tra. Also, we
are interested in ranking the players so that a higher-ranked player tends to win a
lower-ranked player.

Generalized Bradley-Terry model serves as a basic approach for addressing the
above two interests. This model introduces real-valued parameters (𝑟𝑖)𝑖∈[𝑛] (which we
call rate parameters) that represent players’ strengths, predicts the win probability
𝑦𝑖, 𝑗 by 𝜎(𝑟𝑖 − 𝑟 𝑗 ) with learned rate parameters (𝑟𝑖)𝑖∈[𝑛] and a function 𝜎, which we
call inverse link function following the terminology of generalized linear model [25]. It
can also rank the players from highest to lowest according to the descending order of
(𝑟𝑖)𝑖∈[𝑛] (or some alternatives discussed in Section 3).

For such a usage, the inverse link function 𝜎 should be a non-decreasing function
from R to [0, 1] and satisfy the symmetry 𝜎(−𝑢) = 1−𝜎(𝑢) so that 𝜎(𝑢) ≤ 0.5 for 𝑢 < 0,
𝜎(0) = 0.5, 𝜎(𝑢) ≥ 0.5 for 𝑢 > 0, and the model predicts that player 𝑖 is not weaker
than player 𝑗 if 𝑟𝑖 ≥ 𝑟 𝑗 . We denote the set of such functions as Σ. As the inverse link
function 𝜎 ∈ Σ, Bradley-Terry model [8–11] applies the logistic function 𝜎Logistic (𝑢) ≔
1/(1 + 𝑒−𝑢) so that 𝜎(𝑟𝑖 − 𝑟 𝑗 ) = 𝑠𝑖/(𝑠𝑖 + 𝑠 𝑗 ) with 𝑠𝑖 = 𝑒𝑟𝑖 , and Thurstone-Mosteller
model [12, 13] applies the cumulative distribution function of the Gauss distribution

𝜎(𝑢) =
∫ 𝑢

−∞(2𝜋)
−1/2𝑒−𝑣

2/2 𝑑𝑣 (see also Figure 1). Also, Stern [14] proposed to use

𝜎(𝑢) =
∫ ∞
0

∫ 𝑒𝑢𝑤

0
{Γ(𝑠)}−2(𝑣𝑤)𝑠−1𝑒−(𝑣+𝑤) 𝑑𝑣 𝑑𝑤 with a hyper-parameter 𝑠 ∈ (0,∞) and

the gamma function Γ. This proposal corresponds to predicting the win probability
𝑦𝑖, 𝑗 by the probability Pr(𝑋𝑖 < 𝑋 𝑗 ) with independent gamma random variables 𝑋𝑖 , 𝑋 𝑗

of common shape parameter 𝑠 and scale parameter 𝑒𝑟𝑖 , 𝑒𝑟 𝑗 , or equivalently, by the
probability that player 𝑖 will be the first to score 𝑠 points under the assumption that
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players 𝑖 and 𝑗 score points according to a Poisson process with rates 𝑒𝑟𝑖 , 𝑒𝑟 𝑗 when
𝑠 ∈ N. This inverse link function 𝜎(𝑢) parameterizes a continuous transition between
purely random and deterministic regimes by the hyper-parameter 𝑠: Specifically, it
degenerates to the constant function 𝜎(𝑢) = 1/2 as 𝑠 → 0, reduces to the logistic
function when 𝑠 = 1, and approaches the deterministic step function 𝜎(𝑢) ≤ 0 for
𝑢 < 0, = 0.5 for 𝑢 = 0, and ≥ 0.5 for 𝑢 > 0 as 𝑠→∞.

A learning procedure for the rate parameters is typically designed according to the
interpretation that 𝜎(𝑟𝑖 − 𝑟 𝑗 ) is an estimation model of 𝑦𝑖, 𝑗 as

(𝑟𝑖)𝑖∈[𝑛] ∈ argmin
(𝑟𝑖 )𝑖∈ [𝑛]

[
1

|𝐷tra |
∑︁

(𝑖, 𝑗 ) ∈𝐷tra

𝜙(𝜎(𝑟𝑖 − 𝑟 𝑗 ), 𝑦𝑖, 𝑗 )
]

(2)

with a non-negative-valued loss function 𝜙, where |𝐷 | is the cardinality of the set 𝐷.
Popular instances of the loss function 𝜙 are, for example, the negative log-likelihood
(NLL) loss 𝜙nll(𝑢, 𝑣) ≔ −𝑣 log 𝑢 if 𝑢 ∈ (0, 1], 0 if 𝑣 = 0, or ∞ if 𝑢 = 0 and 𝑣 ≠ 0
and robust alternatives [26, 27] including the squared loss 𝜙sq(𝑢, 𝑣) ≔ (𝑢 − 𝑣)2. For a
loss function 𝜙 that is strictly convex with respect to the first argument, under some
regularity conditions1 the problem (2) becomes convex and has a unique solution,
which can obtained by Majorize-Minimize (MM) algorithm [24, Section 2]. For the
win probability prediction, we can employ the same-form criterion as that for learning
the rate parameters:

1

|𝐷 |
∑︁
(𝑖, 𝑗 ) ∈𝐷

𝜙(𝜎(𝑟𝑖 − 𝑟 𝑗 ), 𝑦𝑖, 𝑗 ) (3)

with learned rate parameters (𝑟𝑖)𝑖∈[𝑛] = (𝑟𝑖)𝑖∈[𝑛] and 𝐷 = 𝐷tes. On the other hand,
when we are further interested in the player ranking, we can rely on Kendall’s Tau
(Kendall’s rank correlation coefficient) [28],

𝑛+ − 𝑛−√︁
( |𝐷 | − 𝑛+) ( |𝐷 | − 𝑛−)

(4)

with (𝑟𝑖)𝑖∈[𝑛] = (𝑟𝑖)𝑖∈[𝑛] and 𝐷 = 𝐷tes, 𝑛+ =
∑
(𝑖, 𝑗 ) ∈𝐷 1((𝜎(𝑟𝑖−𝑟 𝑗 )−0.5)·(𝑦𝑖, 𝑗−0.5) > 0),

and 𝑛− =
∑
(𝑖, 𝑗 ) ∈𝐷 1((𝜎(𝑟𝑖−𝑟 𝑗 )−0.5) · (𝑦𝑖, 𝑗−0.5) < 0), where 1 is the indicator function

that values 1(𝑐) = 1 if the condition 𝑐 is true or 0 otherwise, and Spearman’s Rho
(Spearman’s rank correlation coefficient) [29]; Kendall’s Tau is considered to be more
stable than Spearman’s Rho in terms of ties (e.g., 𝜎(𝑟𝑖 − 𝑟 𝑗 ) = 0.5), mathematically
easier to handle, and therefore preferred as described in Noether [30].

1 [9, 24] assumed that in every possible partition of 𝑛 players into two nonempty subsets, some player
𝑖 in the second set wins some player 𝑗 in the first set at least once (i.e., 𝑦𝑖, 𝑗 > 0 for (𝑖, 𝑗 ) ∈ 𝐷tra). This
condition works in two ways: First, it guarantees that there are no incomparable player subsets; if there are,
the learning loses the identifiability of the rate parameters. Second, it guarantees that there are no players
with all loses or all wins; if there are, the rate parameter can take the value ±∞.
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3 Proposal: Isotonic Bradley-Terry Model

Generalized Bradley-Terry model has excellent interpretability, which comes from
real-valued representation of the players’ strengths. However, conventional usages of
generalized Bradley-Terry model that select a fixed inverse link function 𝜎 in advance
may suffer from model misspecification and perform poorly. Even with model selec-
tion that selects an inverse link function from multiple pre-specified candidates based
on learning results, it is not ensured to select a inverse link function that is optimal
among the class Σ. We are interested in how good a model can be designed while main-
taining the excellent interpretability of generalized Bradley-Terry model that models
players’ strengths by real-valued parameters. Therefore, in this paper, we propose to
learn (optimize) the inverse link function 𝜎 as well.

In this paper, for optimization of the inverse link function 𝜎, we relay on
(generalized) isotonic regression [16–19], a nonparametric approach:

𝜎̂ ≔ ‘a polyline function connecting the unique elements

of (𝑟𝑖 − 𝑟 𝑗 , 𝜎̂𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra sorted in (𝑟𝑖 − 𝑟 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra ’
(5)

with (𝜎̂𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra that are defined, for learned rate parameters (𝑟𝑖)𝑖∈[𝑛] , by

(𝜎̂𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra ∈ argmin
(𝜎𝑖, 𝑗 ) (𝑖, 𝑗) ∈𝐷tra

[
1

|𝐷tra |
∑︁

(𝑖, 𝑗 ) ∈𝐷tra

𝜙(𝜎𝑖, 𝑗 , 𝑦𝑖, 𝑗 )
]

s.t. 𝜎𝑗 ,𝑖 = 1 − 𝜎𝑖, 𝑗 and 𝜎𝑖, 𝑗 ≤ 𝜎𝑖′ , 𝑗′ if 𝑟𝑖 − 𝑟 𝑗 ≤ 𝑟𝑖′ − 𝑟 𝑗′
for all (𝑖, 𝑗), (𝑖′, 𝑗 ′) ∈ 𝐷tra.

(6)

See Figure 1 for an instance of the polyline function. We propose to first select an
inverse link function 𝜎 (for example, 𝜎 = 𝜎Logistic) and then iterate the updates (2)
and (5) alternately: Denoting 𝜎̂ [0] ≔ 𝜎, calculate the solution (𝑟𝑖)𝑖∈[𝑛] of (2) with

𝜎 = 𝜎̂ [𝑡−1] as (𝑟 [𝑡 ]
𝑖
)𝑖∈[𝑛] and solution 𝜎̂ of (5) with (𝑟𝑖)𝑖∈[𝑛] = (𝑟 [𝑡 ]𝑖

)𝑖∈[𝑛] as 𝜎̂ [𝑡 ] as
increasing the index 𝑡 ∈ N. We call this model isotonic Bradley-Terry model. While

previous works employ (𝜎̂ [0] , (𝑟 [1]
𝑖
)𝑖∈[𝑛]), the isotonic Bradley-Terry model employs

(𝜎̂ [𝑡 ] , (𝑟 [𝑡 ]
𝑖
)𝑖∈[𝑛]) or (𝜎̂ [𝑡 ] , (𝑟 [𝑡+1]𝑖

)𝑖∈[𝑛]) with 𝑡 ∈ N.
We can perform the update (5) (global minimization) of the inverse link function

with pool-adjacent-violators (PAV) algorithm [15]2, that is, Algorithm 1 in this paper:

Theorem 1 If 𝜙(𝑢, 𝑣) is strictly convex in 𝑢 ∈ (0, 1) at every 𝑣 ∈ [0, 1] such as 𝜙 = 𝜙nll, 𝜙sq,
Algorithm 1 provides a solution of (6), or equivalently, 𝜎̂ in (5) can be represented as

𝜎̂(𝑢) =


𝑧1 if 𝑢 ≤ 𝐿1

𝑧𝑘 if 𝑢 ∈ [𝐿𝑘 , 𝑅𝑘] with some 𝑘 ∈ [𝑁]
𝑧𝑘 + (𝑧𝑘+1 − 𝑧𝑘) 𝑢−𝑅𝑘

𝐿𝑘+1−𝑅𝑘
if 𝑢 ∈ [𝑅𝑘 , 𝐿𝑘+1] with some 𝑘 ∈ [𝑁 − 1]

𝑧𝑁 if 𝑢 ≥ 𝑅𝑁

(7)

2There are also other algorithms to solve isotonic regression problem; see, for instances, Brunk et al. [31],
Thompson Jr. [32], Lee [33], Best and Chakravarti [34]. However, PAV algorithm achieves the information-
theoretic lower bound of computation complex.
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Algorithm 1: PAV algorithm for the isotonic regression problem (6)

Input: Loss function 𝜙, inputs (𝑟𝑖 − 𝑟 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra , and targets
(𝑦𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra .

/* Initialize estimates 𝐿𝑘, 𝑅𝑘, and 𝑧𝑘 for 𝑘 = 1, . . . , 𝑁. */

1 Let {𝑥𝑘}𝑁𝑘=1 be unique sorted elements of {𝑟𝑖 − 𝑟 𝑗 } (𝑖, 𝑗 ) ∈𝐷tra : 𝑥1 < · · · < 𝑥𝑁 ,

𝑟𝑖 − 𝑟 𝑗 ∈ {𝑥𝑘}𝑁𝑘=1 for all (𝑖, 𝑗) ∈ 𝐷tra, and 𝑥𝑘 ∈ {𝑟𝑖 − 𝑟 𝑗 } (𝑖, 𝑗 ) ∈𝐷tra for all
𝑘 = 1, . . . , 𝑁.

2 Left edge of 𝑘th input group 𝐿𝑘 ← 𝑥𝑘 , right edge of 𝑘th input group
𝑅𝑘 ← 𝑥𝑘 , and 𝑘th target group Y𝑘 ← {𝑦𝑖, 𝑗 | 𝑟𝑖 − 𝑟 𝑗 = 𝑥𝑘} (𝑖, 𝑗 ) ∈𝐷tra for
𝑘 = 1, . . . , 𝑁.

3 Target estimate for 𝑘th group
𝑧𝑘 ∈ argmin𝑢

∑
𝑣∈Y𝑘 {𝜙(𝑢, 𝑣) + 𝜙(1 − 𝑢, 1 − 𝑣)} for 𝑘 = 1, . . . , 𝑁.

/* Update estimates 𝐿𝑘, 𝑅𝑘, and 𝑧𝑘 for 𝑘 = 1, . . . , 𝑁. */

4 while 𝑧1 < · · · < 𝑧𝑁 is false do
/* Update groups: Merge adjacent groups if target

estimates violate order. */

5 Index of updated group 𝑙 ← 1, 𝐿′1 ← 𝐿1, 𝑅
′
1 ← 𝑅1, and Y′1 ← Y1.

6 for 𝑘 = 1, . . . , 𝑁 − 1 do
7 if 𝑧𝑘 < 𝑧𝑘+1 then 𝑙 ← 𝑙 + 1, 𝐿′

𝑙
← 𝐿𝑘+1, 𝑅′𝑙 ← 𝑅𝑘+1, and

Y′
𝑙
← Y𝑘+1;

8 else 𝑅′
𝑙
← 𝑅𝑘+1 and Y′

𝑙
← Y′

𝑙
∪ Y𝑘+1;

9 𝑁 ← 𝑙, 𝐿𝑘 ← 𝐿′
𝑘
, 𝑅𝑘 ← 𝑅′

𝑘
, and Y𝑘 ← Y′𝑘 for 𝑘 = 1, . . . , 𝑁.

/* Update target estimates. */

10 𝑧𝑘 ∈ argmin𝑢
∑

𝑣∈Y𝑘 {𝜙(𝑢, 𝑣) + 𝜙(1 − 𝑢, 1 − 𝑣)} for 𝑘 = 1, . . . , 𝑁.
Output: (𝐿𝑘 , 𝑅𝑘 , 𝑧𝑘)𝑘∈[𝑁 ] , or 𝜎̂𝑖, 𝑗 = 𝑧𝑘 if 𝑟𝑖 − 𝑟 𝑗 ∈ [𝐿𝑘 , 𝑅𝑘] for all

(𝑖, 𝑗) ∈ 𝐷tra.

with (𝐿𝑘 , 𝑅𝑘 , 𝑧𝑘)𝑘∈[𝑁 ] given by Algorithm 1.

Proof of Theorem 1 This theorem can be proved based on the fact that the problem (6)
is a convex and separable problem under the assumption of Theorem 1; refer to Best and
Chakravarti [34, Section 3] or de Leeuw et al. [35, Sections 2.3 and 3.1] for general cases, and
to Barlow et al. [18, Section 1.3] and Robertson et al. [19, Theorem 1.5.1] for the specific case
with 𝜙 = 𝜙sq. □

The inner optimization problem of Algorithm 1, argmin𝑢
∑

𝑣∈Y𝑘 {𝜙(𝑢, 𝑣)+𝜙(1−𝑢, 1−
𝑣)}, appeared in Lines 3 and 10 may be a significant computational burden. However,
for a special selection of the loss function 𝜙, this inner problem has a closed-form
solution that can be calculated sequentially and quickly:

Theorem 2 For 𝜙 = 𝜙nll, 𝜙sq, argmin𝑢
∑

𝑣∈Y𝑘 {𝜙(𝑢, 𝑣) + 𝜙(1 − 𝑢, 1 − 𝑣)} in Lines 3 and 10 of

Algorithm 1 becomes 1
|Y𝑘 |

∑
𝑣∈Y𝑘 𝑣, and 𝜎̂ in (5) and (7) belongs to Σ.
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Proof of Theorem 2 The stationary condition becomes 𝜕𝑢 [
∑

𝑣∈Y𝑘 {𝜙(𝑢, 𝑣) + 𝜙(1 − 𝑢, 1 − 𝑣)}] =
𝜕𝑢 [−

∑
𝑣∈Y𝑘 {𝑣 log 𝑢 + (1 − 𝑣) log(1 − 𝑢)}] = 1

𝑢(1−𝑢) {𝑢 |Y𝑘 | −
∑

𝑣∈Y𝑘 𝑣} for 𝜙 = 𝜙nll or

𝜕𝑢 [
∑

𝑣∈Y𝑘 {𝜙(𝑢, 𝑣) + 𝜙(1 − 𝑢, 1 − 𝑣)}] = 𝜕𝑢 [2
∑

𝑣∈Y𝑘 (𝑢 − 𝑣)2] = 4{|Y𝑘 |𝑢 −
∑

𝑣∈Y𝑘 𝑣} for 𝜙 = 𝜙sq.
This concludes the proof of this theorem. □

However, since the mean 1
|Y𝑘 |

∑
𝑣∈Y𝑘 𝑣 can take 0, it should be noted that the test

evaluation of the isotonic Bradley-Terry model, 1
|𝐷tra |

∑
(𝑖, 𝑗 ) ∈𝐷tes

𝜙(𝜎̂(𝑟𝑖 − 𝑟 𝑗 ), 𝑦𝑖, 𝑗 ) for
𝜙 = 𝜙nll, can not be calculated (i.e., take NaN). For the the player ranking, the isotonic
Bradley-Terry model does not suffer from this issue by using the evaluation criterion
(4), but for evaluation of the win probability prediction this model may not be suitable
when we have to use the criterion (3) with 𝜙 = 𝜙nll (it does not suffer from this issue
when using the criterion (3) with 𝜙 = 𝜙sq).

An important point to remark is that subsequent learning of rate parameter by
minimizing (2) with 𝜎 = 𝜎̂ [𝑡 ] , 𝑡 ≥ 1 can become non-convex generally. However, we
can employ a sub-gradient method with line search of the step size to update the
rate parameters without increasing the training error, though it has no guarantee of
global optimization. Thus, we propose to learn the rate parameters by a (sub-)gradient
method (MM algorithm [24] is also possible for the first time only) and the inverse link
function by an isotonic regression technique alternately, for the isotonic Bradley-Terry

model, (𝜎̂ [𝑡 ] , (𝑟 [𝑡 ]
𝑖
)𝑖∈[𝑛]) or (𝜎̂ [𝑡 ] , (𝑟 [𝑡+1]𝑖

)𝑖∈[𝑛]) with 𝑡 ∈ N.
Another noteworthy property of the isotonic Bradley-Terry model is that it is more

likely to result in a tie; consider it can hold that 𝜎̂(𝑟𝑖 − 𝑟 𝑗 ) = 0.5 even if 𝑟𝑖 ≠ 𝑟 𝑗 . The
isotonic Bradley-Terry model can accurately output a tie as undecidable when one
has insufficient training pair comparison data to accurately rank the pairs. In relation
to this property, it should be noted that in the isotonic Bradley-Terry model, ranking
should be performed according to the descending order of Borda count (∑ 𝑗∈[𝑛] 𝜎(𝑟𝑖 −
𝑟 𝑗 ))𝑖∈[𝑛] as Shah and Wainwright [36], not that of the rate parameters (𝑟𝑖)𝑖∈[𝑛] : Borda
count would better reflect the strength than the rate parameters for the isotonic
Bradley-Terry model, since (i) 𝑟𝑘 > 𝑟𝑙 ⇐⇒

∑
𝑗∈[𝑛] 𝜎(𝑟𝑘 − 𝑟 𝑗 ) >

∑
𝑗∈[𝑛] 𝜎(𝑟𝑙 − 𝑟 𝑗 )

for strictly increasing 𝜎, but (ii) 𝑟𝑘 > 𝑟𝑙 ⇐
∑

𝑗∈[𝑛] 𝜎(𝑟𝑘 − 𝑟 𝑗 ) >
∑

𝑗∈[𝑛] 𝜎(𝑟𝑙 − 𝑟 𝑗 ),
𝑟𝑘 > 𝑟𝑙 ⇒ 𝜎(𝑟𝑘 − 𝑟𝑙) ≥ 0.5, and 𝑟𝑘 > 𝑟𝑙 ⇒ 𝜎(𝑟𝑘 − 𝑟 𝑗 ) ≥ 𝜎(𝑟𝑙 − 𝑟 𝑗 ) for all 𝑗 ∈ [𝑛], but
𝑟𝑘 > 𝑟𝑙 ⇏

∑
𝑗∈[𝑛] 𝜎(𝑟𝑘 − 𝑟 𝑗 ) >

∑
𝑗∈[𝑛] 𝜎(𝑟𝑙 − 𝑟 𝑗 ) for 𝜎 that is only non-decreasing and

not strictly increasing.

4 Discussion: Relationships to Nonparametric
Bradley-Terry Model

A significant characteristic of the isotonic Bradley-Terry model is the use of isotonic
regression for the win probability prediction and player ranking. A previous model,
nonparametric Bradley-Terry model [20–22], for the win probability prediction also
shares this characteristic. We here discuss relationships between the isotonic Bradley-
Terry model and nonparametric Bradley-Terry model.

Under the assumption that the player ranking is known, nonparametric Bradley-
Terry model predicts the win probability 𝑦𝑖, 𝑗 as 𝜎̂𝑖, 𝑗 defined by the following bivariate
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isotonic regression problem:

(𝜎̂𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra ∈ argmin
(𝜎𝑖, 𝑗 ) (𝑖, 𝑗) ∈𝐷tra

[
1

|𝐷tra |
∑︁

(𝑖, 𝑗 ) ∈𝐷tra

𝜙(𝜎𝑖, 𝑗 , 𝑦𝑖, 𝑗 )
]

s.t. 𝜎𝑗 ,𝑖 = 1 − 𝜎𝑖, 𝑗 and 𝜎𝑖, 𝑗 ≤ 𝜎𝑖′ , 𝑗 if player 𝑖
′ is higher-

ranked than player 𝑖 for all (𝑖, 𝑗), (𝑖′, 𝑗) ∈ 𝐷tra (8)

with 𝐷tra = {(𝑖, 𝑗) ∈ [𝑛]2 | 𝑖 ≠ 𝑗}. Then, the solution (𝜎𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra =

(𝜎̂𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra given by (6) satisfies the conditions in (8), but the solution
(𝜎𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra = (𝜎̂𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra given by (8) does not necessarily satisfy the struc-
tural conditions as in generalized Bradley-Terry model. Therefore, the training error

1
|𝐷tra |

∑
(𝑖, 𝑗 ) ∈𝐷tra

𝜙(𝜎̂𝑖, 𝑗 , 𝑦𝑖, 𝑗 ) by the isotonic Bradley-Terry model (6) is larger than or

equal to the training error by the nonparametric Bradley-Terry model (8). This point
may be a demerit of the isotonic Bradley-Terry model.

On the other hand, the availability for predicting the win probability of an
unmatched player pair and the possibility to improve the player ranking are merits
of the isotonic Bradley-Terry model: Both models construct nonparametric estimates
(𝜎̂𝑖, 𝑗 ) (𝑖, 𝑗 ) ∈𝐷tra , but the isotonic Bradley-Terry model can predict the win probability
for an unmatched player pair by assuming the structural model 𝜎̂𝑖, 𝑗 = 𝜎̂(𝑟𝑖 −𝑟 𝑗 ). Also,
introducing the model 𝜎̂𝑖, 𝑗 = 𝜎̂(𝑟𝑖 − 𝑟 𝑗 ) allows for the discussion of updating the rate
parameters and player ranking; the nonparametric Bradley-Terry model is designed
under the assumption that the rankings are known in advance, making it difficult to
update them.

5 Numerical Experiments

5.1 Synthetic Data Experiments

We are interested in practical behaviors of the isotonic Bradley-Terry model and sit-
uations where that model can improve the win probability prediction performance
or ranking performance compared with the traditional Bradley-Terry model. To
investigate those aspects, we present synthetic data experiments in this subsection.

Procedure 1

We generated synthetic data (Cauchy-𝑁) consisted of 𝑛 = 25, 50, 100, 200, 400 players
and win probabilities 𝑦𝑖, 𝑗 = 1 − 𝑦 𝑗 ,𝑖 ∼ Binomial(𝑁, 𝜎Cauchy (𝑟𝑖 − 𝑟 𝑗 ))/𝑁 with the num-
ber 𝑁 = 1, 5, 25 of matches for each pair of players, underlying inverse link function
𝜎Cauchy (𝑢) ≔ 1

𝜋
arctan(𝑢) + 1

2 , which is the cumulative distribution function of the
standard Cauchy distribution, and underlying players’ strengths 𝑟𝑖 ∼ Normal(0, 1),
where Binomial(𝑢, 𝑣) is the binomial distribution with 𝑢 trials and probability 𝑣, and
where Normal(𝑢, 𝑣) is the normal distribution with mean 𝑢 and variance 𝑣. We divided
all the player pairs into 𝐷tra and 𝐷tes in 1 : 9, 3 : 7, . . ., 9 : 1 ratios. Because a
random variable following Binomial(𝑁, 𝜎Cauchy (𝑢))/𝑁 with 𝑢 ∈ R has the expectation
value 𝜎Cauchy (𝑢), the Bradley-Terry model with 𝜎 = 𝜎Cauchy can perform consistent
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estimation of the rate parameter (𝑟𝑖)𝑛𝑖=1 (ignoring the degrees of freedom for transla-
tion) when 𝑛→∞, or 𝑁 →∞, and so on [10, 37, 38]. However, since we are interested
in a situation with model misspecification, we compared the Bradley-Terry model,

(𝜎̂ [0] , (𝑟 [1]
𝑖
)𝑖∈[𝑛]), and isotonic Bradley-Terry model, (𝜎̂ [𝑡 ] , (𝑟 [𝑡+1]

𝑖
)𝑖∈[𝑛]) for 𝑡 ∈ [9]

and (𝜎̂ [𝑡 ] , (𝑟 [𝑡 ]
𝑖
)𝑖∈[𝑛]) for 𝑡 ∈ [10], with 𝜎̂ [0] = 𝜎Logistic, not with 𝜎̂ [0] = 𝜎Cauchy.

This setting is that the Bradley-Terry model can suffer from model misspecification,
which leaves room for improvement by using the isotonic Bradley-Terry model; See
Appendix A for experiments with a specified model. We learned the rate parameters
(2) by a coordinate sub-gradient method with line search of the step size and inverse
link function (6) by PAV algorithm (exactly, we used the IsotonicRegression class
of the Python package sklearn.isotonic [39]), with the objective function (3) for
𝜙 = 𝜙sq (WPP error); See Appendix B for experiments with 𝜙 = 𝜙nll. We repeated this
procedure 1000 trials with random data generation to obtain 1000 test evaluations of
the errors, (3) and (4). Also, we evaluated the tie rate defined by

|{(𝑖, 𝑗) ∈ 𝐷 | 𝜎(𝑟𝑖 − 𝑟 𝑗 ) = 0.5}|
|𝐷 | . (9)

A larger value of the tie rate means more ties in (𝜎(𝑟𝑖 − 𝑟 𝑗 )) (𝑖, 𝑗 ) ∈𝐷. Note that, since
nonparametric Bradley-Terry model reviewed in Section 4 is not applicable to the win
probability prediction for unmatched players, we did not try that method.

Procedure 2

It was observed from Figure 2 that excessive updates in the isotonic Bradley-Terry
model lead to performance degradation due to overfitting. Therefore, the appropriate
selection of the number of updates is crucial. In this additional experiment procedure,
we compared the Bradley-Terry model with the isotonic Bradley-Terry model whose
number of updates was determined via 10-fold cross-validation. We performed this
procedure 1000 trials and evaluated (3), (4), and (9) similar to Procedure 1.

Consideration of Results

Figure 2 shows the dependence of behaviors of the isotonic Bradley-Terry model

(𝜎̂ [∗] , (𝑟 [∗]
𝑖
)𝑖∈[𝑛]) learned with the loss 𝜙 = 𝜙sq on the number of updates. It would be

obvious that the training WPP error does not increase with each update due to the
design of the isotonic Bradley-Terry model. The test WPP error with 𝜙 = 𝜙sq was
also improved by the isotonic Bradley-Terry model in many cases. In particular, the
improvement was more pronounced when 𝑛, 𝑁, and the ratio of |𝐷tra | were small and

when 𝑛 or 𝑁 was large; while the isotonic Bradley-Terry model (𝜎̂ [1] , (𝑟 [1]
𝑖
)𝑖∈[𝑛]) was

the best performer in most cases even when it improved, the isotonic Bradley-Terry

model (𝜎̂ [1] , (𝑟 [2]
𝑖
)𝑖∈[𝑛]), which underwent more updates, could achieve the best per-

formance under smaller 𝑛, 𝑁, and the ratio of |𝐷tra | and under larger 𝑛 and 𝑁. The
improvement under small 𝑛, 𝑁, and the ratio of |𝐷tra | is unrelated to model misspec-
ification, and is likely due to the Bradley-Terry model’s severe failure from overfitting

caused by the scarcity of training data, as Figure 3 also illustrates that |𝑟 [1]
𝑖
− 𝑟
[1]
𝑗
|
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can take a large value for the learned rate parameters (𝑟 [1]
𝑖
)𝑖∈[𝑛]). On the other hand,

the improvement under large 𝑛 and 𝑁 would be specific to cases of model misspec-
ification, as verified in Appendix A. Regarding training and test ranking errors, the
isotonic Bradley-Terry model improved Kendall’s Tau in most cases. The isotonic
Bradley-Terry model can be interpreted as improving overall ranking performance by
withholding judgment as a tie for player pairs whose strict ranking is difficult to be
determined, as suggested from Figure 2. We can see similar results from Table 1, which
summarizes the results of Procedure 2.

5.2 Real-World Data Experiments

In this subsection, we address numerical experiments with real-world data to see
practical effectiveness of the isotonic Bradley-Terry model.

Procedure 1

We here used win probability data of football Premier League (PL) for 2024/2025
season of 𝑛 = 20 teams and 380 matches (https://www.football-data.co.uk/mmz4281/
2425/E0.csv), baseball MLB for 2025 season of 𝑛 = 30 teams and 2430 matches
(https://www.retrosheet.org/gamelogs/gl2025.zip), and tennis ATP tour for 2025 sea-
son of 𝑛 = 457 players, 2944 matches, and 2522 matched player pairs (https://
github.com/JeffSackmann/tennis atp/blob/master/atp matches 2025.csv). ATP win
probability data is sparse in the sense that only 2522 patterns were played out of
𝑛(𝑛 − 1)/2 = 104196 possible match patterns between two different players. Similar to
the synthesis data experiments in Section 5.1, we compared the (isotonic) Bradley-

Terry models, (𝜎̂ [𝑡 ] , (𝑟 [𝑡+1]
𝑖
)𝑖∈[𝑛]) and (𝜎̂ [𝑡 ] , (𝑟 [𝑡 ]

𝑖
)𝑖∈[𝑛]) for 𝑡 ∈ [10], learned with

𝜙 = 𝜙sq and 𝜎̂ [0] = 𝜎Logistic, in terms of WPP error (3) with 𝜙 = 𝜙sq, Kendall’s Tau
(4), and tie rate (9). See also Appendix B for experiments with 𝜙 = 𝜙nll.

Procedure 2

In order to study practical performance comparison, we took an additional experiment
procedure to compare the Bradley-Terry model with the isotonic Bradley-Terry model
whose number of updates was determined via 10-fold cross-validation.

Consideration of Results

Figure 4 shows the dependence of behaviors of the isotonic Bradley-Terry model

(𝜎̂ [∗] , (𝑟 [∗]
𝑖
)𝑖∈[𝑛]) on the number of updates, and Table 2 summarizes the results of

Procedure 2. Results are similar to those for synthetic data experiments in Section 5.1:
The isotonic Bradley-Terry model improved the WPP error when the ratio of |𝐷tra |
was small for the PL and MLB data with small 𝑛, whereas it improved the WPP error
across a wider range of ratio of |𝐷tra | for the ATP data with large 𝑛; Although verifi-
cation is difficult due to the nature of real-world data, the latter improvement might
be attributed to the mitigation of model misspecification by the isotonic Bradley-
Terry model as Figure 5, rescaled version illustrates. Also, isotonic Bradley-Terry
model improved the ranking performance in most cases. These results suggest practical
effectiveness of the proposed isotonic Bradley-Terry model.
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6 Conclusion and Future Works

In this study, because conventional usages of generalized Bradley-Terry model may
suffer from model misspecification owing to the selection of a fixed inverse link func-
tion, we proposed the isotonic Bradley-Terry model that learns the rate parameters by
a (sub-)gradient method and the inverse link function by an isotonic regression tech-
nique alternately. Through numerical experiments, we confirmed that the proposed
model could improve the win probability prediction and ranking.

Generalized Bradley-Terry model is also a foundation for analysis of a variety of
advanced prediction problems for paired comparison data. When we have access to
covariates that characterize each player, we can model the rate parameters in terms
of those covariates [40, 41]. We can consider home-field (or first-move) advantage
by using different rate parameters for home and away settings [42]. When paired
comparisons are performed in prolonged time periods, it may be better to incorporate
time-dependence into the model of the rate parameters; for example, Elo rating system
[23, 43] is a representative time-dependent extension of the Bradley-Terry model. A
multi-stage expansion [44–46], for example, for distinguishing draws, and Plackett-
Luce model [11, 47, 48] for multi-player matches (e.g., horse racing) with 3 or more
players are also closely related. It is one promising direction for future research to
apply the idea of the isotonic Bradley-Terry model that also learns the inverse link
function for these advanced problems.
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ISMCRP-1006. The author would like to express gratitude to the providers of the
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Github repository by Jeff Sackmann (all data were accessed on 14 May 2026).

Appendix A Experiments with Specified Model

We here show the experimental results with specified model: We generated synthetic
data (Logistic-𝑁) consisted of 𝑛 = 25, 50, 100, 200, 400 players and win probabilities
𝑦𝑖, 𝑗 = 1 − 𝑦 𝑗 ,𝑖 ∼ Binomial(𝑁, 𝜎Logistic(𝑟𝑖 − 𝑟 𝑗 ))/𝑁 with the number of matches 𝑁 =

1, 5, 25, and underlying players’ strengths 𝑟𝑖 ∼ Normal(0, 1). We performed additional
experiments keeping all other settings identical to Procedures 1 and 2 of the synthetic
data experiments in Section 5.1. Figures B1 and B2 and Table B1 are specified-model
versions of Figures 2 and 3 and Table 1. The isotonic Bradley-Terry model improved
the test WPP error with 𝜙 = 𝜙sq when 𝑛, 𝑁, and the ratio of |𝐷tra | were small
(not when 𝑛 or 𝑁 was large unlike cases with model misspecification), and improved
Kendall’s Tau in most cases.
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Appendix B Experiments with NLL Loss

We here show the experimental results with NLL loss 𝜙 = 𝜙nll. Figures B3–B6 and
Tables B2 and Table B3 are NLL versions of Figures 2–5 and Tables 1 and Table 2.
The test WPP error with NLL loss 𝜙 = 𝜙nll frequently yields NaN values. Thus, even
if rank tests indicate statistical significance, the isotonic Bradley-Terry model would
still be considered unsuitable for win probability prediction in this setting. On the
other hand, ranking performance could be calculated in all cases, and it was confirmed
that that performance was improved even with the isotonic Bradley-Terry model using
NLL loss.

References

[1] Bradley, R.A.: Science, statistics, and paired comparisons. Biometrics 32(2), 213–
239 (1976) https://doi.org/10.2307/2529494

[2] Cattelan, M.: Models for Paired Comparison Data: A Review with Emphasis on
Dependent Data. Statistical Science 27(3), 412–433 (2012) https://doi.org/10.
1214/12-sts396
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