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Abstract

In this paper, we study prediction problems for paired comparison data, for exam-
ple, predicting the win probability between two unmatched players and ranking
all the players according to the order of their strengths by using win probability
data between two matched players. Paired comparison data are typically ana-
lyzed using Bradley-Terry and Thurstone-Mosteller models. These models predict
the win probability by transforming the difference between learned rate parame-
ters, which represent players’ strengths, with a pre-specified inverse link function,
and employ the order of learned rate parameters for player ranking. However,
these models may suffer from model misspecification owing to the selection of
a fixed inverse link function. Therefore, in this study, we propose to learn the
rate parameters by a (sub-)gradient method and the inverse link function by an
isotonic regression technique alternately. The proposed model guarantees mono-
tonic improvement in training error, and is likely to yield an exact tie when the
available data is insufficient to establish a strict ranking. We also verified that
the proposed model could improve the win probability prediction and ranking
performance through numerical experiments with synthetic data and real-world
data of football Premier League, baseball MLB, and tennis ATP tour.
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1 Introduction

In this paper, we study prediction problems for paired comparison data [1, 2], for
example, predicting the win probability between two unmatched players (or teams)
and ranking all the players according to the order of their strengths by using win
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probability data between two matched players for chess, tennis, and soccer matches.
Similar problems arise in surveys of people’s perceptions and preferences, as in Kissler
and Bauml [3], Maydeu-Olivares and Bockenholt [4], Mazzuchi et al. [5] and Chatbot
arena [6, 7], since it is burdensome for subjects to completely rank all items and a
survey often only inquire comparisons between two items.

Paired comparison data are typically analyzed using generalized Bradley-Terry
model, such as Bradley-Terry model [8-11], Thurstone-Mosteller model [12, 13], and
variants by Stern [14]. These models introduce real-valued rate parameters that rep-
resent players’ strengths, predict the win probability by transforming the difference
between learned rate parameters with a pre-specified inverse link function, and rank
the players from highest to lowest according to the descending order of the learned
rate parameters.

Generalized Bradley-Terry model has excellent interpretability and usability. How-
ever, conventional usages of generalized Bradley-Terry model that select a fixed inverse
link function before learning rate parameters may suffer from model misspecification
and perform poorly. We are interested in how good a model can be designed while
maintaining the excellent interpretability of generalized Bradley-Terry model that
represents players’ strengths by real-valued parameters. Therefore, in this paper, we
propose to learn not only the rate parameters but also the inverse link function, and
to mitigate model misspecification by iterating these learnings alternately: there, we
learn the rate parameters by a (sub-)gradient method and the inverse link function by
an isotonic (monotone) regression technique [15-19]. We also study under what sit-
uations the proposed model can improve the win probability prediction and ranking
performance through synthetic data experiments, and verify practical effectiveness of
the proposed model through real-world data experiments.

The remaining part of this paper is organized as follows: Section 2 presents the
problem formulation and review of generalized Bradley-Terry model. We describe the
proposed model in Section 3, and discuss relationships between that model and related
model, nonparametric Bradley-Terry model [20-22] in Section 4. In Sections 5.1 and
5.2, we present results of the numerical experiments respectively for synthetic data
and real-world data. Our experimental codes are summarized at https://github.com/
yamasakiryoya/IBT. Finally, we conclude this study and mention future prospects
regarding the proposed model in Section 6.

2 Preliminaries: Problem Formulation and
Generalized Bradley-Terry Model

In this section, we describe the formulation of prediction problems for paired compari-
son data addressed in this paper, and review a conventional statistical model for those
problems, generalized Bradley-Terry model. In order to facilitate concrete understand-
ing, this paper adopts the description and terminologies supposing the win probability
prediction and player ranking as application.

Suppose that there exists n € N players (or teams) in total, and that
we have data about the win probability for matches (e.g., chess, tennis,
and soccer) between two different players: let Dy = {(i,j) € [n]* |
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Fig. 1 Examples of the inverse link function o.

players i and j have played a match at least once.} (note that (j,i) € Dy when
(i, ) € Dyra), where we suppose that a player can either win, lose, or draw in each
match, and let win probability y; ; be

‘the number of times that (#) player i has won player j’
+0.5x # players i and j have drawn’ (1)

‘the number of matches between players i and j’

so that yj; =1 —y; ; for every (i, j) € D¢ according to the convention [23, 24].

We are interested in predicting ‘the probability that player i will win player
j7 + 0.5 x ‘the probability that players i and j will draw’, which is also
denoted y; j, for an unmatched player pair (i,j) € Dies = {(i,j) € [n]% |
players i and j have not played a match.} € {(i,j) € [1n]?> | i # j} \ Dtra. Also, we
are interested in ranking the players so that a higher-ranked player tends to win a
lower-ranked player.

Generalized Bradley-Terry model serves as a basic approach for addressing the
above two interests. This model introduces real-valued parameters (r;);c[,] (which we
call rate parameters) that represent players’ strengths, predicts the win probability
vi,j by o(#; — ;) with learned rate parameters (7;);c[,; and a function o, which we
call inverse link function following the terminology of generalized linear model [25]. It
can also rank the players from highest to lowest according to the descending order of
(7)ie[n] (or some alternatives discussed in Section 3).

For such a usage, the inverse link function o should be a non-decreasing function
from R to [0, 1] and satisfy the symmetry o-(—u) = 1—0 («) so that (1) < 0.5 for u < 0,
o(0) = 0.5, o(u) > 0.5 for u > 0, and the model predicts that player i is not weaker
than player j if 7; > 7;. We denote the set of such functions as X. As the inverse link
function o € X, Bradley-Terry model [8-11] applies the logistic function o7,egistic () =
1/(1 +e™) so that o(r; —rj) = s;/(s; +s;) with s; = ¢, and Thurstone-Mosteller
model [12, 13] applies the cumulative distribution function of the Gauss distribution
o(u) = f_’;(271')_1/2€_v2/2 dv (see also Figure 1). Also, Stern [14] proposed to use

o(u) = fom Oeuw{F(s)}_Q(vw)s‘le‘(‘”W) dv dw with a hyper-parameter s € (0, o) and
the gamma function I'. This proposal corresponds to predicting the win probability
yi,j by the probability Pr(X; < X;) with independent gamma random variables X;, X;
of common shape parameter s and scale parameter e'i, e’/ or equivalently, by the
probability that player i will be the first to score s points under the assumption that



players i and j score points according to a Poisson process with rates e'i, e’/ when
s € N. This inverse link function o (1) parameterizes a continuous transition between
purely random and deterministic regimes by the hyper-parameter s: Specifically, it
degenerates to the constant function o(u) = 1/2 as s — 0, reduces to the logistic
function when s = 1, and approaches the deterministic step function o (u#) < 0 for
u<0,=0.5foru=0,and > 0.5 for u >0 as s — oo.

A learning procedure for the rate parameters is typically designed according to the
interpretation that o (r; —r;) is an estimation model of y; ; as

1
(Fi)ie[n) € afgmin[ Z d(o(ri —rj),yij) (2)

> D
(rierny | 1Pural £

with a non-negative-valued loss function ¢, where |D| is the cardinality of the set D.
Popular instances of the loss function ¢ are, for example, the negative log-likelihood
(NLL) loss ¢ni(u,v) == —vlogu if u € (0,1], 0if v = 0, or 0o if u = 0 and v # 0
and robust alternatives [26, 27] including the squared loss ¢sq(u,v) = (u — v)2. For a
loss function ¢ that is strictly convex with respect to the first argument, under some
regularity conditions® the problem (2) becomes convex and has a unique solution,
which can obtained by Majorize-Minimize (MM) algorithm [24, Section 2]. For the
win probability prediction, we can employ the same-form criterion as that for learning
the rate parameters:

1
D Z d(o(ri = 1)), vi,j) (3)
(i.)eD

with learned rate parameters (r;)icin] = (#i)ie[n] and D = Dyes. On the other hand,
when we are further interested in the player ranking, we can rely on Kendall’s Tau
(Kendall’s rank correlation coefficient) [28],

ny—n_

V(D[ = n)(ID| - n-)

with (ri)ic[n] = (Fi)icin] and D = Dyes, ny = X jyep L((0(ri=rj)=0.5)-(y; j—0.5) > 0),
and n— = 3 jyep L((o(ri—r;)=0.5)-(y; ;—0.5) < 0), where 1 is the indicator function
that values 1(c) = 1 if the condition ¢ is true or 0 otherwise, and Spearman’s Rho
(Spearman’s rank correlation coefficient) [29]; Kendall’s Tau is considered to be more
stable than Spearman’s Rho in terms of ties (e.g., o(r; — r;) = 0.5), mathematically
easier to handle, and therefore preferred as described in Noether [30].

(4)

1 [9, 24] assumed that in every possible partition of n players into two nonempty subsets, some player

i in the second set wins some player j in the first set at least once (i.e., y;j > 0 for (i,j) € Dy¢ra). This
condition works in two ways: First, it guarantees that there are no incomparable player subsets; if there are,
the learning loses the identifiability of the rate parameters. Second, it guarantees that there are no players
with all loses or all wins; if there are, the rate parameter can take the value +oo.



3 Proposal: Isotonic Bradley-Terry Model

Generalized Bradley-Terry model has excellent interpretability, which comes from
real-valued representation of the players’ strengths. However, conventional usages of
generalized Bradley-Terry model that select a fixed inverse link function o in advance
may suffer from model misspecification and perform poorly. Even with model selec-
tion that selects an inverse link function from multiple pre-specified candidates based
on learning results, it is not ensured to select a inverse link function that is optimal
among the class X. We are interested in how good a model can be designed while main-
taining the excellent interpretability of generalized Bradley-Terry model that models
players’ strengths by real-valued parameters. Therefore, in this paper, we propose to
learn (optimize) the inverse link function o as well.

In this paper, for optimization of the inverse link function o, we relay on
(generalized) isotonic regression [16-19], a nonparametric approach:

0 = ‘a polyline function connecting the unique elements

(5)

of (Fi = 71, 0%,j)(i.j)eDsra SOTtEA I (Fi = F}) (i j)eDira

with (67,7, j)eD,,. that are defined, for learned rate parameters (7;);c[n], by

N . 1
(G1,j)(i,j))eDyra € Argmin [—l | Z (i j, yi,j)

(0i,j) (i) eDgra tral (; YeDira (©)
s.t. Oji= 1- gy, j and oi,j <oy if 7, — fj <Fp - fj’

for all (i, j), (i’, j') € Diya.

See Figure 1 for an instance of the polyline function. We propose to first select an
inverse link function o (for example, o = O ogistic) and then iterate the updates (2)
and (5) alternately: Denoting 6% = o, calculate the solution (#;)ie[n) of (2) with
o = gl as (pl'),c(,) and solution & of (5) with (7i)ic(n) = (A )icpn) as 617 as
increasing the index r € N. We call this model isotonic Bradley-Terry model. While
previous works employ (6101, (f[[l])ie[,,])7 the isotonic Bradley-Terry model employs
@), (A ier) or (11, 1)) with £ € N,

We can perform the update (5) (global minimization) of the inverse link function
with pool-adjacent-violators (PAV) algorithm [15]2, that is, Algorithm 1 in this paper:

Theorem 1 If ¢(u,v) is strictly convex in u € (0,1) at every v € [0,1] such as ¢ = ¢ni1, dsq,
Algorithm 1 provides a solution of (6), or equivalently, & in (5) can be represented as

71 Zf u<lLq

. Zk if u € [Lg, Ri] with some k € [N]

O'(u) = u-Ry . . (7)
2k + (Zk+1 — Zk)m if u € [Rg, Lr+1] with some k € [N — 1]
IN Zf u > RN

2There are also other algorithms to solve isotonic regression problem; see, for instances, Brunk et al. [31],
Thompson Jr. [32], Lee [33], Best and Chakravarti [34]. However, PAV algorithm achieves the information-
theoretic lower bound of computation complex.



Algorithm 1: PAV algorithm for the isotonic regression problem (6)

Input: Loss function ¢, inputs (#; — 7;) i j)eD,,., and targets
(Yi.j)(i.j)eDira-
/* Initialize estimates Ly, Ry, and zx for k=1,...,N. */
1 Let {xk}kN=1 be unique sorted elements of {7; — 7} j)eDya: X1 < -+ < XN,
f,‘ - f] S {Xk}kN:1 for all (l, ]) € Dyra, and Xk € {fl - fj}(i,j)ED”a for all
k=1,...,N.
2 Left edge of kth input group Lg « xi, right edge of kth input group
Ry < xi, and kth target group Y « {y;;j | #i = 7j = Xk} (i,j)eDyra fOr
k=1,...,N.
3 Target estimate for kth group
7k € argmin, Yy ey {¢(u,v) +¢(1-u,1-v)} fork=1,...,N.
/* Update estimates Ly, Ry, and zx for k=1,...,N. */
4 while z7 < --- < zn s false do

/* Update groups: Merge adjacent groups if target
estimates violate order. */
5 Index of updated group / «= 1, L} < L1, R} < Ry, and Y] « Y.
6 fork=1,...,N-1do
7 if z; < zxg+1 then [ [ +1, L; — L1, R; «— Ry+1, and
«yl/ — Yi+1;
8 else R} « Riy1 and Y «— Y/ U Yp.1;
9 NI Ly <L, Ry — R, and Yy « Y/ for k=1,...,N.
/* Update target estimates. */
10 7k € argmin, Y ey {¢(u,v) +¢(1—u,1-v)} for k=1,...,N.

Output: (Lg, Rk, 2k)ke[n], OF 0y,j = 2k if 7 —=7; € [Ly, Ry] for all
(i7 .]) € Dtra-

with (Lk, Rk, 2k )ke[N] given by Algorithm 1.

Proof of Theorem 1 This theorem can be proved based on the fact that the problem (6)
is a convex and separable problem under the assumption of Theorem 1; refer to Best and
Chakravarti [34, Section 3] or de Leeuw et al. [35, Sections 2.3 and 3.1] for general cases, and
to Barlow et al. [18, Section 1.3] and Robertson et al. [19, Theorem 1.5.1] for the specific case
with ¢ = ¢gq. O

The inner optimization problem of Algorithm 1, arg min,, >, y {¢(u, v)+¢(1-u, 1-
v)}, appeared in Lines 3 and 10 may be a significant computational burden. However,
for a special selection of the loss function ¢, this inner problem has a closed-form
solution that can be calculated sequentially and quickly:

Theorem 2 For ¢ = ¢, dsq, argming Jyey, {¢(u,v) + ¢(1 —u, 1 —v)} in Lines 3 and 10 of
Algorithm 1 becomes ﬁ Svey, v, and & in (5) and (7) belongs to X.



Proof of Theorem 2 The stationary condition becomes 8, [Y, ey, {#(u,v) + ¢(1 —u,1-v)}] =
Oul=Zyey tvlogu + (1 = wlog(l = W}l = sy {ul¥%l = Syey v} for ¢ = ¢un or

Ou[Zyey A8 v) + ¢(1 —u, 1 =)} = 8,[2 Xyey, (u = v)?] = 4{|Yklu = Dyey, v} for ¢ = dsq.
This concludes the proof of this theorem. |

However, since the mean % Dve Y.V can take 0, it should be noted that the test
evaluation of the isotonic Bradley-Terry model, m 2(i,j)eDies (O (Fi —F), yi,j) for
¢ = ¢n11, can not be calculated (i.e., take NaN). For the the player ranking, the isotonic
Bradley-Terry model does not suffer from this issue by using the evaluation criterion
(4), but for evaluation of the win probability prediction this model may not be suitable
when we have to use the criterion (3) with ¢ = ¢,y (it does not suffer from this issue
when using the criterion (3) with ¢ = ¢sq).

An important point to remark is that subsequent learning of rate parameter by
minimizing (2) with o = &1, r > 1 can become non-convex generally. However, we
can employ a sub-gradient method with line search of the step size to update the
rate parameters without increasing the training error, though it has no guarantee of
global optimization. Thus, we propose to learn the rate parameters by a (sub-)gradient
method (MM algorithm [24] is also possible for the first time only) and the inverse link
function by an isotonic regression technique alternately, for the isotonic Bradley-Terry
model, (6111, (#1™)jepnp) or (5111, (PI¥H), 1) with £ € N,

Another noteworthy property of the isotonic Bradley-Terry model is that it is more
likely to result in a tie; consider it can hold that o (r; —r;) = 0.5 even if r; # r;. The
isotonic Bradley-Terry model can accurately output a tie as undecidable when one
has insufficient training pair comparison data to accurately rank the pairs. In relation
to this property, it should be noted that in the isotonic Bradley-Terry model, ranking
should be performed according to the descending order of Borda count (X e,y o (7 —
7;))ie(n] @ Shah and Wainwright [36], not that of the rate parameters (7;);e(n): Borda
count would better reflect the strength than the rate parameters for the isotonic
Bradley-Terry model, since (i) /x > 71 &= X jc(n) O (Fx = 7)) > Xjepn) o (F1 = 7))
for strictly increasing o, but (ii) #x > 71 & Xje(n) 0 Fr = 7j) > Xjen) 0 (F1 = 7)),
x> F = o(Fy—7) = 0.5, and 7, > 7 = o (Fg —fj) ZO’(fl—fj) for all j € [n], but
P > 71 = Yjen) 0(Fk = 7)) > Xjen) o (71 — 7;) for o that is only non-decreasing and
not strictly increasing.

4 Discussion: Relationships to Nonparametric
Bradley-Terry Model

A significant characteristic of the isotonic Bradley-Terry model is the use of isotonic
regression for the win probability prediction and player ranking. A previous model,
nonparametric Bradley-Terry model [20-22], for the win probability prediction also
shares this characteristic. We here discuss relationships between the isotonic Bradley-
Terry model and nonparametric Bradley-Terry model.

Under the assumption that the player ranking is known, nonparametric Bradley-
Terry model predicts the win probability y; ; as 67 ; defined by the following bivariate



isotonic regression problem:

(O'i,j)(i,j)eDtme arg min
0i,j)(i.j)eDira

Dura] Z ¢(0'i,j,yi,j)]
20 (i,))€Dira
s.t. 0ji=1-0y;and o7 ; < oy ; if player i’ is higher-

ranked than player i for all (i, ), (i’,j) € Dra (8)

with Dy = {(i,j) € [n]?> | i # j}. Then, the solution (0i,/)(i.j)eDira
(0i,j)(i,j)eDn given by (6) satisfies the conditions in (8), but the solution
(00,))(i,j)eDire = (0i,j)(i.j)eDira given by (8) does not necessarily satisfy the struc-
tural conditions as in generalized Bradley-Terry model. Therefore, the training error
ﬁ i,/ eDira $(Tij» vi.j) by the isotonic Bradley-Terry model (6) is larger than or
equal to the training error by the nonparametric Bradley-Terry model (8). This point
may be a demerit of the isotonic Bradley-Terry model.

On the other hand, the availability for predicting the win probability of an
unmatched player pair and the possibility to improve the player ranking are merits
of the isotonic Bradley-Terry model: Both models construct nonparametric estimates
(Gi,)(i,j)eDea» Dut the isotonic Bradley-Terry model can predict the win probability
for an unmatched player pair by assuming the structural model 67 ; = 6-(7; —7;). Also,
introducing the model 0y ; = 6(7; —7;) allows for the discussion of updating the rate
parameters and player ranking; the nonparametric Bradley-Terry model is designed
under the assumption that the rankings are known in advance, making it difficult to
update them.

5 Numerical Experiments

5.1 Synthetic Data Experiments

We are interested in practical behaviors of the isotonic Bradley-Terry model and sit-
uations where that model can improve the win probability prediction performance
or ranking performance compared with the traditional Bradley-Terry model. To
investigate those aspects, we present synthetic data experiments in this subsection.

Procedure 1

We generated synthetic data (Cauchy-N) consisted of n = 25,50, 100, 200, 400 players
and win probabilities y; ; = 1 = y;; ~ Binomial(N, 0°cauchy (7 — 7;))/N with the num-
ber N = 1,5,25 of matches for each pair of players, underlying inverse link function
OCauchy () = %arctan(u) + %, which is the cumulative distribution function of the
standard Cauchy distribution, and underlying players’ strengths 7; ~ Normal(0, 1),
where Binomial(u, v) is the binomial distribution with u trials and probability v, and
where Normal(u, v) is the normal distribution with mean u and variance v. We divided
all the player pairs into Dy, and Dyeg in 1 09, 3 : 7, ..., 9 : 1 ratios. Because a
random variable following Binomial(N, o'cauchy (#))/N with u € R has the expectation

value ocauchy (#), the Bradley-Terry model with o = 0'cauchy can perform consistent



estimation of the rate parameter (7;), (ignoring the degrees of freedom for transla-
tion) when n — oo, or N — oo, and so on [10, 37, 38]. However, since we are interested
in a situation with model misspecification, we compared the Bradley-Terry model,
(100 (#1')ic(a)), and isotonic Bradley-Terry model, (&1, (71" (p) for 1 € [9]
and (a'[t],(fi[t])ie[n]) for t € [10], with 10 = OLogistic, Not with o0l = OCauchy-
This setting is that the Bradley-Terry model can suffer from model misspecification,
which leaves room for improvement by using the isotonic Bradley-Terry model; See
Appendix A for experiments with a specified model. We learned the rate parameters
(2) by a coordinate sub-gradient method with line search of the step size and inverse
link function (6) by PAV algorithm (exactly, we used the IsotonicRegression class
of the Python package sklearn.isotonic [39]), with the objective function (3) for
¢ = ¢sq (WPP error); See Appendix B for experiments with ¢ = ¢n11. We repeated this
procedure 1000 trials with random data generation to obtain 1000 test evaluations of
the errors, (3) and (4). Also, we evaluated the tie rate defined by

{(@,j) e D|o(r;—r;) =05}
|D| '

9)

A larger value of the tie rate means more ties in (o (r; — 1))@, j)ep. Note that, since
nonparametric Bradley-Terry model reviewed in Section 4 is not applicable to the win
probability prediction for unmatched players, we did not try that method.

Procedure 2

It was observed from Figure 2 that excessive updates in the isotonic Bradley-Terry
model lead to performance degradation due to overfitting. Therefore, the appropriate
selection of the number of updates is crucial. In this additional experiment procedure,
we compared the Bradley-Terry model with the isotonic Bradley-Terry model whose
number of updates was determined via 10-fold cross-validation. We performed this
procedure 1000 trials and evaluated (3), (4), and (9) similar to Procedure 1.

Consideration of Results

Figure 2 shows the dependence of behaviors of the isotonic Bradley-Terry model
(o], (fl.[*]),-e[n]) learned with the loss ¢ = ¢sq on the number of updates. It would be
obvious that the training WPP error does not increase with each update due to the
design of the isotonic Bradley-Terry model. The test WPP error with ¢ = ¢5q was
also improved by the isotonic Bradley-Terry model in many cases. In particular, the
improvement was more pronounced when n, N, and the ratio of |Dy,| were small and
when n or N was large; while the isotonic Bradley-Terry model (&1, (fi[l])ie[n]) was
the best performer in most cases even when it improved, the isotonic Bradley-Terry
model (&1, (fl.[QJ)ie[,,]), which underwent more updates, could achieve the best per-
formance under smaller n, N, and the ratio of |Dy;,| and under larger n and N. The
improvement under small n, N, and the ratio of |Dy;,| is unrelated to model misspec-
ification, and is likely due to the Bradley-Terry model’s severe failure from overfitting

caused by the scarcity of training data, as Figure 3 also illustrates that |fl.[1] - fj[.l]|



can take a large value for the learned rate parameters (fi[l])ie[n 1)- On the other hand,
the improvement under large n and N would be specific to cases of model misspec-
ification, as verified in Appendix A. Regarding training and test ranking errors, the
isotonic Bradley-Terry model improved Kendall’s Tau in most cases. The isotonic
Bradley-Terry model can be interpreted as improving overall ranking performance by
withholding judgment as a tie for player pairs whose strict ranking is difficult to be
determined, as suggested from Figure 2. We can see similar results from Table 1, which
summarizes the results of Procedure 2.

5.2 Real-World Data Experiments

In this subsection, we address numerical experiments with real-world data to see
practical effectiveness of the isotonic Bradley-Terry model.

Procedure 1

We here used win probability data of football Premier League (PL) for 2024/2025
season of n = 20 teams and 380 matches (https://www.football-data.co.uk/mmz4281/
2425/E0.csv), baseball MLB for 2025 season of n = 30 teams and 2430 matches
(https://www.retrosheet.org/gamelogs/gl2025.zip), and tennis ATP tour for 2025 sea-
son of n = 457 players, 2944 matches, and 2522 matched player pairs (https://
github.com/JeffSackmann /tennis_atp/blob/master/atp_matches_2025.csv). ATP win
probability data is sparse in the sense that only 2522 patterns were played out of
n(n—1)/2 = 104196 possible match patterns between two different players. Similar to
the synthesis data experiments in Section 5.1, we compared the (isotonic) Bradley-
Terry models, (&), (A1), ) and (517, (F1));cpn)) for ¢ € [10], learned with
¢ = ¢gq and o101 = OLogistic, in terms of WPP error (3) with ¢ = ¢4y, Kendall’s Tau
(4), and tie rate (9). See also Appendix B for experiments with ¢ = @y1.

Procedure 2

In order to study practical performance comparison, we took an additional experiment
procedure to compare the Bradley-Terry model with the isotonic Bradley-Terry model
whose number of updates was determined via 10-fold cross-validation.

Consideration of Results

Figure 4 shows the dependence of behaviors of the isotonic Bradley-Terry model
(o], (fi[*])ie[n]) on the number of updates, and Table 2 summarizes the results of
Procedure 2. Results are similar to those for synthetic data experiments in Section 5.1:
The isotonic Bradley-Terry model improved the WPP error when the ratio of |Dy;a|
was small for the PL and MLB data with small n, whereas it improved the WPP error
across a wider range of ratio of |Dyy,| for the ATP data with large n; Although verifi-
cation is difficult due to the nature of real-world data, the latter improvement might
be attributed to the mitigation of model misspecification by the isotonic Bradley-
Terry model as Figure 5, rescaled version illustrates. Also, isotonic Bradley-Terry
model improved the ranking performance in most cases. These results suggest practical
effectiveness of the proposed isotonic Bradley-Terry model.
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6 Conclusion and Future Works

In this study, because conventional usages of generalized Bradley-Terry model may
suffer from model misspecification owing to the selection of a fixed inverse link func-
tion, we proposed the isotonic Bradley-Terry model that learns the rate parameters by
a (sub-)gradient method and the inverse link function by an isotonic regression tech-
nique alternately. Through numerical experiments, we confirmed that the proposed
model could improve the win probability prediction and ranking.

Generalized Bradley-Terry model is also a foundation for analysis of a variety of
advanced prediction problems for paired comparison data. When we have access to
covariates that characterize each player, we can model the rate parameters in terms
of those covariates [40, 41]. We can consider home-field (or first-move) advantage
by using different rate parameters for home and away settings [42]. When paired
comparisons are performed in prolonged time periods, it may be better to incorporate
time-dependence into the model of the rate parameters; for example, Elo rating system
[23, 43] is a representative time-dependent extension of the Bradley-Terry model. A
multi-stage expansion [44-46], for example, for distinguishing draws, and Plackett-
Luce model [11, 47, 48] for multi-player matches (e.g., horse racing) with 3 or more
players are also closely related. It is one promising direction for future research to
apply the idea of the isotonic Bradley-Terry model that also learns the inverse link
function for these advanced problems.
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JP24K23856 and ISM Cooperative Research Program 2025-ISMCRP-1001 and 2026-
ISMCRP-1006. The author would like to express gratitude to the providers of the
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Github repository by Jeff Sackmann (all data were accessed on 14 May 2026).

Appendix A Experiments with Specified Model

We here show the experimental results with specified model: We generated synthetic
data (Logistic-N) consisted of n = 25,50, 100, 200,400 players and win probabilities
vi,j = 1=y ~ Binomial(N, 0Logistic(7i — 7;))/N with the number of matches N =
1, 5,25, and underlying players’ strengths 7; ~ Normal(0, 1). We performed additional
experiments keeping all other settings identical to Procedures 1 and 2 of the synthetic
data experiments in Section 5.1. Figures B1 and B2 and Table B1 are specified-model
versions of Figures 2 and 3 and Table 1. The isotonic Bradley-Terry model improved
the test WPP error with ¢ = ¢sq when n, N, and the ratio of |Dy¢ra| were small
(not when n or N was large unlike cases with model misspecification), and improved
Kendall’s Tau in most cases.
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Appendix B Experiments with NLL Loss

We here show the experimental results with NLL loss ¢ = ¢,5. Figures B3-B6 and
Tables B2 and Table B3 are NLL versions of Figures 2-5 and Tables 1 and Table 2.
The test WPP error with NLL loss ¢ = ¢y frequently yields NaN values. Thus, even
if rank tests indicate statistical significance, the isotonic Bradley-Terry model would
still be considered unsuitable for win probability prediction in this setting. On the
other hand, ranking performance could be calculated in all cases, and it was confirmed
that that performance was improved even with the isotonic Bradley-Terry model using
NLL loss.

References

[1]

2]

Bradley, R.A.: Science, statistics, and paired comparisons. Biometrics 32(2), 213—
239 (1976) https://doi.org/10.2307/2529494

Cattelan, M.: Models for Paired Comparison Data: A Review with Emphasis on
Dependent Data. Statistical Science 27(3), 412-433 (2012) https://doi.org/10.
1214/12-sts396

Kissler, J., Bauml, K.-H.: Effects of the beholder’s age on the perception of
facial attractiveness. Acta Psychologica 104(2), 145-166 (2000) https://doi.org/
10.1016/s0001-6918(00)00018-4

Maydeu-Olivares, A., Bockenholt, U.: Modeling subjective health outcomes: Top
10 reasons to use Thurstone’s method. Medical Care 46(4), 346-348 (2008) https:
//doi.org/10.1097 /mlr.0b013e31816dd8d9

Mazzuchi, T.A., Linzey, W.G., Bruning, A.: A paired comparison experiment
for gathering expert judgment for an aircraft wiring risk assessment. Reliability
Engineering & System Safety 93(5), 722-731 (2008) https://doi.org/10.1016/j.
ress.2007.03.011

Rafailov, R., Sharma, A., Mitchell, E., Manning, C.D., Ermon, S., Finn, C.: Direct
preference optimization: Your language model is secretly a reward model. In:
Advances in Neural Information Processing Systems, vol. 36, pp. 53728-53741
(2023). https://doi.org/10.52202/075280-2338

Chiang, W.-L., Zheng, L., Sheng, Y., Angelopoulos, A.N., Li, T., Li, D., Zhu,
B., Zhang, H., Jordan, M.I., Gonzalez, J.E., Stoica, I.: Chatbot arena: An open
platform for evaluating llms by human preference. In: Proceedings of the 41st
International Conference on Machine Learning (2024)

Zermelo, E.: Die Berechnung der Turnier-Ergebnisse als ein Maximumproblem
der Wahrscheinlichkeitsrechnung. Mathematische Zeitschrift 29, 436-460 (1929)
https://doi.org/10.1007 /bf01180541

17


https://doi.org/10.2307/2529494
https://doi.org/10.1214/12-sts396
https://doi.org/10.1214/12-sts396
https://doi.org/10.1016/s0001-6918(00)00018-4
https://doi.org/10.1016/s0001-6918(00)00018-4
https://doi.org/10.1097/mlr.0b013e31816dd8d9
https://doi.org/10.1097/mlr.0b013e31816dd8d9
https://doi.org/10.1016/j.ress.2007.03.011
https://doi.org/10.1016/j.ress.2007.03.011
https://doi.org/10.52202/075280-2338
https://doi.org/10.1007/bf01180541

*G0’() [PA9] 90UROYIUSIS oY) JO 1597 [) ADUIYA\-UUR]A O} 300dsol Y)im [opowl AII9T-Ao[peiq
o) uery) 10330q A[IUROYIUSIS SeMm [opOW 4s0q oYY JI Aei8 ul payySiySIy sem oindy oy} Jo owelj I9JN0 9Y) Pue ‘Ul PO[[y Sem SoI} JSOul oy} Yjm [opout
pue [9powW 39 Y} I0J ISSILUI O], ‘[OPOW 19939q © sogedrpur () 1o8re[ 10 ‘(g) m[rews PS¢ = ¢ sso[ porenbs oy yym paures| [Ppowr L1131 -Lo[peig
o1uoost oy 10§ (woljoq oy doy) (g) ojer a1y pue ‘(§) ney, s [[ePUSy ‘PS¢ = ¢ ssof porenbs oyj yum (g) 10110 JJA\ JO UOIIEN[RAD ([DIID ‘paysep ‘oniq)
1507 pue (puowrerp ‘prjos ‘pai) Sururery rery 0O0T Jjo (sreq reddn pue ‘e[pprur ‘1emof) sa[rpuenb ¢, 0 pue ‘g'( ‘Gg'Q pue (Iereur) ueswr ‘(1YL 0} 1J91)
GZ‘G‘T = N Um eyep o1oyjuks A-013s180] 10, :y xipuaddy pue ['G UOIDOG UL T 2INPadol] ‘sjuswirrodxo eyep d1joyjuks jo synsol jo yed 1g St

00v

ué.z:.é

00T
u ‘(6)

[5H4

HH

WY

00v

ISEE

HHH

T T - AR Ll

ki

00v

00T
u ‘(g)

i

Et4

g:g 6:1 T:6 g:g 61
v :v.

=%9%ql: [*qal ‘=N =15%q|: 1®*8%ql ‘1= N

18



e LT T—
, :_«s_ Xewt - 171 “_
1 L 1

(1l 1~ (#1019 PO
A11a],-Kapeag oy oxe ourfAjod onyq & pue oAmd usaid © pue ‘LI ejep 4s9) pue Sururery ore SOOI Pal pue spuowrerp spPeq ‘(ST 03 1O[) GF G T
= N UM eiep O1}0YJuis N-O19SIS0T 104 :y XIpuaddy pur ['C UOIJO8G Ul [ 2Inpadold ‘sjuswiiiadxs ejep o119yjuds jo symsal Jo ued gg ‘Sig

“UOTSISA Po[RISal oY) Ul [J ‘L—] 10 :E\( - E.C_ Fixewr - 777 4| E\,(

o8uel oY} I9AO ‘[RLI} UIRIID ' Ul PS¢ = ¢ sso[ porenbs oYy yjm pouresd| AE& = 1714) ]9 [9Pouwt AL13],-Ad[peIg JIUOJOSI pue A?

1:6 ‘T ‘ST G ‘T ‘ge
1 |BIYq| ‘N ‘u :uorsioa poeosey

7

0

00T
u

] gz

19



(00001)  (0000°)

PRI A SPITR L NS $45- M L3 M 4B TR 01 SRR 1) ST it SRR 4114 SRR £ 14 00 14 AR L4 ARt 1 {1 Ao L SIS .5 O o
(0000)  (0000°)  (0000°)  (0000°)  (0000°) | (0000°) (0000 )  (0000°)  (0000°)  (0000°) | (00007)  (0000°) (0000 )  (0000°)  (0000°) |v
28007 (0z8° SL00°G(ge EA00°([gg" ZL00'gozg- L00°GeTg- | £S10°¢Tgge SEI0T[1gY- IEI0FOey OEI0'[Rpg II0zgeg- | Z0L0'grepe V90 ggey SSI0Gory LSI0TG  0L0'gzge- S
wwcc.@m”ﬁw. Ecc.mm:w. mgc.hNﬁw. wgc.ﬁﬁﬁw. mhcc.MNOw. mmﬁc.mcﬁw. mmﬁc.mmmw. ::c.whmw. cfc.N«wM@. mmg.mﬂﬁw. mmﬁc.wmﬁﬁ. Nfc.ﬁbﬁﬁ. wm:.-.wm:ﬁ. Nmﬁc.cmcﬂ. mag.mwwmm. -
(0000")  (0000°)  (00007)  (0000))  (0000°) | (0000)  (00007)  (0000°)  (00007)  (0000°) | (00007)  (0000°)  (0000°)  (0000°)  (00007) |-&
£61071gg" 0TI Ggg- S010p0gg ¥0I0°g)1g" TI0cge) - | L5L0T[Tgg 1020 gapg- 1610°g)pg- I610°(pg FEL0'ggGe: | €560y gp- 80C0) epp- 220y @20G)6e 8VE07OQE” S5
mf:ﬂNﬁwA wzawﬁﬁwA wcSNOﬁwA Sﬁchwcw. angchw. :mm:mewA SN:MWMQ SEMNMQ :mS@VNw. mamoﬂﬁwm. anm:bNﬁwA ammawwoﬂA NwNaNﬁovA :mmccmwmt mﬁmcmﬂwﬂ. ]
Aaonn) (ooow) - oon) (oo aoon) | oone (o) (ooee ) onn) (ooso) | Soomo)  Soome ) G (oome ) (om0 ) |
ATy R A i il 4 v R - S 1 i (4 A i e
cmmuooo.v cmmuocc.v Emmuocc.v o%muooo. Lm%mﬂ. Eﬁocc.v m%mﬁooo.v wmwccc.v omw_occ.v mmm%mo. wmﬁmcc.v u%uooo.v w%%uooo.v Smmumcc.v w%m%om.v ]
LP1I8 OLEOTTorg 980 egnge 0080°)cg)- "6S09°| 180°8769° 2909 EES0CTTY 06 T66e| VUTT9ge" 9860 Tcge- 'L8GE 0187 "8CRT [
wmwchcw. wﬁmcww@b. hwmcwﬁmh. mcmcmﬂhh. 0LL0 1209° wmwcmbﬂw. mbmcmmcw. 9290 166G mmchwmm. mmwONmmm_. 60€T €89¢" Ewcﬁwﬁm. ccmcwﬁﬁm. wmmcmchN. ahwommw.ﬁ.
905 SOR0S)  (op0s) | (o00%) |\ (OEIE) To5R0%) L {0008) (0% Jones) L qhEe) L nos) (oe)  foeos) | fsene) | fskee) B
Nooo.mwom. Soo.mwom. Soo.mom. Soo.mom. Soo.wwow. mooo.mwmm. nooo.wmmm. nooo.mwmm. Eoo.ﬁmm. Soo.wmmm. mmoo.mmw#. mmoo.mmwﬁ mmoo.mmwﬁ mmoo.mw#. mmoo.mwﬁ. °
O G o O O M N M
mooo.wwom. mookowom‘ mooo.mom‘ mooo.mwom‘ mooo.mmow. mﬁoolmmmm. Soo.mwmm oHoo.mwmm‘ oHoo.mwmm‘ Soo.mﬁwm‘ mmoolmwww. Hmoolwwwﬁ wwooﬁwwﬁ bwoo.mmwﬁ NNS.WWMM. °
o0 e e o) ee) | Gec ] (o) (oo ) (opsa) (gt | o) aset) (apol) L (agl ) (oo 2
GOOO.WMOW. wooo.mwow. MOOO.WMOW. mooo.mwom. mooo.mmow. NNOO.MMMW. QHOO.WMMW. GHOO.#WMM. oﬁoo.mmmm. NNOO.WMWW. moﬂo.mwww. Nwoo.mﬁmw#. wnoa.%wmw. hhoo.mmom. w:cmmwm Oﬂ
R Oy o T N B S M
:oo.wwoméooo.mwom. wooo.wmom. wooo.mmom. »moo.mwﬁm. Eoo.mmmm. vmoo.mmmm. omoo.mmW@émoo%me. mﬂo.mmﬁm. momo.mmmﬁ.vﬁo.mwﬁ.mms.mmom. m%a.wmwm‘ mmg.mmwm. °
et (et oo o) o) | Ger) (s el st oo (oed) oo) o) oon ] oon ] |
R R A i R e e R g
ree alee-n© et 7 ree mﬁu_mﬁﬁ _SmQ_,mHZF_m et 7 tee m“nu_wwuﬁimmth_,HHZB_m et 7

‘Ploq pal ul paySIySIY St pue I9})9q A[uesyrusis suriojrod
[Ppowt A119] -As[pelg dIu0josI a1} Jeyy saI[dul gO'() [AS] 2OUBIYIUSIS oY) MO[aq aNfeA Y :sosoyjuared o) UI 9599 [) ASUIIYAA-UURIA 93 I0J anfea-d Sapnyoul os[e
9] "[opow I933aq e soyesrpur (F) 1e8rel 10 ‘(g) 1ofrewg ‘(1omo[) PS¢ = ¢ sso parenbs oY) YIM poures] [opow ALIDT -Ad[preIg OIU0J0SI pajoses-fopowr pue (1oddn)

[epouwr K119 -Aa[perg oY) 10y () ne, s [[epus’] pue PS¢ = ¢ sso[ parenbs oy} yym (g) 10110 JJA\ JO UOTIENTRAd 9599 TRl OOQT Jo (P¥Sueewr) pys pue uesw
(1811 09 9J9) G ‘G ‘T = N UM BIep J9YIUAS A-01Is180r] 10 1y Xipueddy pue ['G WOIN09G UT g 9INPod0IJ ‘SIuamiiodxs eyep pliom-[eal Jo synsoy Tg 9[qel,

20



"GO0 [9A9] 90oUROYIUSIS oYY JO 1593 () AOUIYAA-UURIA 0% $09dsal Yj)im [opowr K119 -Ao[perg
oY) uey) 10139q A[JUedyruSis sem [opout 3s0q oYy Ji Ae1S ur payySiySiy sem oSy oy} JO SWERIJ I9JNO 9Y) PUL ‘Ul PO[[Y SeM SO} JSOUL oYY YIIM [9pout
pue [9pow 3S9q 9Y)} I0J ISNILW Ol ], ‘[OPOW I9339q & Saedrpur () 198Te] o ‘(g) Iofewg ‘1@ = ¢ ssol TIN 9} UM poures| [opowl K119 -Ao[peig
o110908I 8y} 10J (woyjoq 01 doy) (6) @Rl 811 pue ‘() NeJ, s [[epuad] ‘1U¢ = ¢ sso[ TIN Y1 Ypm (g) 10118 JJM JO Uoljen[ess (9[dIm ‘paysep ‘eniq)
1597 pue (puowrerp ‘prjos ‘pai) Sururery rerry 0O0T Jjo (sreq reddn pue ‘o[pprur ‘1emof) sa[rpuenb ¢, 0 pue ‘g'Q ‘Gg'Q pue (Iesrewr) ueeswr ‘(V[SLI 09 1J91)
GZ ‘G ‘T = N UMM ©ejep d1pejuls N-Ayone)) 1o :g xipuaddy pue [°G UOIDSG UI T 2INPadold ‘sjuswiriadxe ejep JI)aju4ss jo synsal jo jyred eg 'Sig

T

00v

‘(6)

ObI

=u

[5H4

00v

HESaiHEses

k4

00v

00T
u ‘(g)

k4

frbberbiresteersiy

1:6 g:ig
=|%°%q|: ¥l ‘ez =N

21



! q r Lo .

(1] g = gl £ e T
a8ueI oY) I9AO ‘[eLI} UTelrdd ' ul U@ = ¢ sso[ TN 9Y} YIIM PauIes] AE@ - _:.SE.Q [Ppow AII19] -A9[pelg OIUOjOSI pue AEC - E.SSTQ [epowt
A11a1,-Kapeag oy oxe osurfAjod an[q ® pue oAmd usaIs ® pue ‘LI ejep 9s9) pue Sururery ore SOOI PaI pue spuowrerp speq ‘(ST 03 1YO[) GF G T
= N UMM ®ejep o1_yjuis N-Aypne)) 104 :g Xipueddy pue [°G UOIPOAG UI T 9INPad0I] ‘sjyuswiriodxe ejep J119YJUAS Jo symsar jo yed g 'Sig

“UOTSIaA Po[edsal oy ul [2‘L—] 10 [| Eﬁ — | Fxewr - 7oy

6:T ‘T ‘00T T:6 ‘T ‘ST g6 ‘T ‘6T

1 |BIYqg| ‘N ‘u :uotsioa po[edsey

6:T ‘T ‘ST

ov

<z

g:ig 6:1 1:6 c:g 6:1 T:6 g:g 6:1
=%9%ql: |®al ‘sct=N =1%9%ql: [*Mal ‘s=N =1%%ql: *%al ‘1=N

22



(00007)  (0000))  (0000)  (0000)  (0000°) | (00007)  (0000°)  (0000)  (0000°)  (0000°) (0000)  (00007)  (0000°) (0000°) (00007) |s
60077108 6200°grpg  6200°gy(g- 6200°GT(g" 1800566, | PL00'gTeg: V900eyege PI00Hyeg- VI00'goeq:  9900° ezq- | 010Gy VEODgaYR  2800°G)ype IS00Tpyp 800 ppee 3
4€00 hﬁm% 6200 mﬁm% 6200 176L" 6200 786" 6200 G88L” v.L00 6229 7900 $229° €900 G129 2900 L619° 7900 6609° Y010 901¥" €800 S60F" 6400 GLO¥" 8L00 105" €800 918¢"
(0000)  (0000°)  (0000°)  (0000) (0000 (0000")  (0000°)  (0000°)  (0000°)  (0000°) | (0000°)  (0000°)  (0000°) (0000°) (0000) 1
9500°¢7(8" I00'Gz(R- MO0 gz EM00'GT(g" 800 Geg) - | 12107 gege 8600 geg- TG00 Greg 2600°gGzg  MO0'gOyQe | VSIO GET  LEIO[RYp LLI0)prpe  9€10°g)(F- wi0ggge 13
9500 Odmwa 9700 wnm% €700 LT6L° 700 606" 9700 018" 6110 129" L600 c029° 2600 L8T9° 0600 6719° 0010 LV6S° 8LT0 zL0%° ceI0 0S0¥" cTI0 0T0¥F" 0210 976¢° 8€T10 G7Ge" .
o) o) oo e o) | ooow) e oo o) (ooee) | o) (oooo) oo oo (ogo0) 2
i e AT S e e gk il i e
(0000 (0000 (0000° (0000° (0000° (00001) (0000 )  (0000°)  (0000°)  (0000°) | (0000°)  (0000°)  (0000°) (0000°) (g200") |
810108 9C10°gGG)" PII0'GoGy- OTI0[gg)- 09C0°Ger)- | 6180°)7g- €920 Gz TVE0'p)Tg- £5077(09  SLOQERp | VIO 6LMO'QTGe: £6£0°ggpec  TSEO'Tgpe- ALC) (AR
T8T0 mww% vero www% crto ee8)’ vi10 67LL Tsco 9P 99€0 60T9" 9420 c909° €20 866¢S" zveo T1€8¢" 91v0 VLIV 190 epee” vovo 1928 99¢0 1€9¢° 79€0 ogee” 8TS0 eI1Z”
000) - (o000)  (0000)  {o000)  as0r) | (o000 fou0o)  (oo0o) (o000 (Es0) | (1ooo) (iooo) (o000)  (ooo) (ogoe) )
Eé.mmmw. mmg.wmmw. QNS.MMWM. %Nc.wmmm. oowo.wmmm‘ %S.mwmm. Ema.m%mm. %E.mmmm. ﬁ#c.mwmm. w@wo.mmmm. asﬁ.mmmm. a%c.mw.wm. cﬁa.mmmm. ﬁs,mmwm »wwo.mmmﬁ i
(00007)  (6000)  (sze0)  (8oge)  (Lew6') | (6z707)  (00867) (0000°T) (0000 T) (0000°T) | (9e6€)  (9866) (0000°T)  (0000°T) (12eL) b
L200°g) )z 9200°g) 7 9200, e mmoomﬁwm. 9T00°g) ) 7| 6200°G) )7 L8007y 7" 9800°g) )7+ 9800 [g) 7 9200°)0gy" mmoo@wwm. omoo@mwm. 8200°g6,7" wmoo@HWN. wﬁoommwm. °
(0000)  (9g10")  (r1e¢)  (19287) (69867) | (veee’)  (8€867) (0000°T) (0000°T) (0000°T) | (FO187)  (0SL67)  (26667)  (L¥86° 000) s
6500°g) )7 9500°g) )7 wmoomﬁwm‘ mmoomtvﬂ SE00g) 7" mwoom&wm. wmoowuwm. LE00°gg) 7 98006 7" 9E00 Tegy” m@oommwm. mwooWonm. Ewoomummwm. wwooﬂmwww. N?o.mmwm. om
(22007)  (1e0’)  (629¢7)  (08667) (98667 | (80297) (96667 (0000°T) (0000°T) (cLp8) | (€9697)  (66¥87) (1818 (vaey’ o\0006) 1
6200, )7 Soomﬂwm. omoomﬁwm. mwooWuwm. 6700008z muoonwm.Soo@wwm. mmoomem. mmoowoww. €€20° 96" vaWNwN.mwoonwN. mwoo@wwﬂ 9810 0z0¢" Eom.wmwm. =3
(0e1T)  (szpe)  (62687)  (RoL67)  (ar67) | (Ta6L)  (v2967)  (88667)  (96867)  (6e2¢) | (u869)  (12e97)  (2989)  (611¢) (000¢") |
£600°g) ) g+ LL00°(g) g PLO0'Eg) 7+ £L00° (61" LVE0 ez |SE107 16z T600°g0gg: S800°6T8g L600°0ggz" 0988 011G [FSE0 coag: 9580° 196z VS0 epTe: VE6T'QZCh” mm:.mmmmm.w °
Awmm& be& :wmm.\v Gmwa.\v @%mm aaw& E%ww Gﬁ&w Ammﬁwm (gp9L° Sﬁmw Aw@mw (9es’) mﬁ%omw Gm:w .
= = = = = - = - = = = = = T9IGTC e &
99T0°¢) ) g" EET008Lg TTT0°(6 L 90T0°018g" 00T 1L8¢"|0920°608g" 69T0'¢egy™ T410°) )87 YWET'gege” V8V ge0g TI864T 1Hgg  T002' 10ge VSTV ge(9 VESI QTG g TL98779 08 1T
TO g O | 0 Thmgfbaeed 0 | TT T mgifeng o R s

"NeN opnput siorm jeqy sofdut — *p[oq por ut pajysIysiy st
pue 19939q Apjuesyrusis surojiod [opowr ALI9] -A9[peig JTH040sI oY) Jey) sordwl g'() [9A9] 92URDYIUSIS oY) MO anfea Y :sasorjjuared o) UI 1509 ) ASUIYAN-UURIN O}
103 onfea-d sopn[OUI OS[® 1] ‘[OPOW I19119q © sajedIpul () 108re[ 10 ‘(¢) Io[rewrg *(1omo) U = ¢ sso[ TrIN oY) Y)IM PouIes] [opowl ALI3] -K9[pPRIg OIUOJOST PIYIaas-[opowu

pue (1oddn) [spowr A118]-As[pelg aY) 10} () neJ, s [[RpUs’] pue [U¢ = ¢ ssof TIN 93 ym (¢) 10118 JJAM JO uorenyess 1s99 [err) o1 Jo (P*Sueswr) pis
pue weawr ‘(1YSLI 09 939]) G ‘G ‘T = N YIMm ejep d1jotjuls N -Lyone)) 10 :g Xipueddy pue ['G UOTIDG UT g 2INPadol] ‘sjuswrtradxe ejep d1joyjuis Jo symnsey gg O[qel

23



‘“UOISIOA PO[BISAI 9} UI L ‘)—] 10 :Eﬂ - E@_ Fixew
STT _:ﬂ — _:.@_ f1xeur - 1°7—] oSuel oY) I0A0 ‘[RLI} Ure}190 ' Ul %) = ¢ SSO[ TN O3 [IM PouIes| A_:W - _:.S (1] Ppouw A119],-AoTpeIg OTU0jOSsI pue
AEW - Ew& [0]© [Ppow A110] -Ld[pelg oY) ore surf[od oniq e pue dAIMD UAIS © pue I1€ eyep 9801 pue Sururelr) ore SOOI POI PUR SPUOWRIP JOR[]

‘(1q81x 01 o) ®rep 4LV Pue ‘TN “Id 104 g xipueddy pue g'g UoI10ag Ul T aInpedold ‘sjuswizedxs eiep pIiom-Teal Jo sjnsal jo 1red 9dg "Sig

Qi ALV 6T ‘dLV
=|S®q| : |¥1H | ‘eyeq :uorsioa poredsay

g 61

g 6:1 1:6 [ 6:1 _ 1:6 g:
=%9%q|: |*al ‘14

g: G:
=%°%ql: [®*%ql ‘arv =[52%ql|: ¥ 0al ‘a1

'G0’() [oA®] 90UBOYIUSIS 1) JO 9593 ) ADUIIYAA-UURIN O} }00dsal [Yjim [opout
A119],-AoTpelg oY} Uey) I9330q A[JUROYIUSIS sem [opou 159 oY) JI Aeld ul pojySIyIIy sem oINSy oY) JO dwWelj I9JN0 9} PUR ‘Ul PO[[J Sem Sol) jsout
oY) )M [9pOW pUR [9POW 4S9 9Y) I0J IoyIeU oY ], ‘[opOoW 19919q & soyedipul () 1o81e| 10 ‘(g) Io[rewts "MU@ = ¢ sso[ TIN U} Y)m poures] [opour
K119] -AeTpelg oruojost o) 10j (woljoq o} doy) () oyel a1y pue ‘(f) ney, s[repusy] ‘"¢ = ¢ ssol TIN Y3 Yum (g) 1o JJAM JO uonenyessd (d[oIm
‘paysep ‘oniq) 9s99 pue (puowrelp ‘prjos ‘pai) Sururery [erry 00T jo (sreq roddn pue ‘o[pprwu ‘1omol) so[yuenb ¢, 0 pue ‘g'(Q ‘Gg’Q pue (IeyIeur) ueow
‘(1q81a 01 9go1) ®Yep 4LV Pu® ‘TN “Id 104 g xipueddy pue g'g Uo0I10ag Ul T aInpedold ‘sjuswriredxs Biep pliom-Teal Jo sjnsal jo jred gg "Sig

(6)

¥)

(e)

HH irA e T Hit L] THHHTHTI S T

Tm m:m @Q _ T@ mnm a; T@ mnm mé
=%9%q| : ®*ql| ‘arv =%9%q| : [* | ‘a1 =%9%q| : |® 1l ‘14

24



gv%%.v mmw.c%. @%_c%. amm_%c.v Lmﬂwo.v Ewms.v c%wco%.v. w%ooo.v n%mcm;.v g@%.v o%mmg.v smcooo.v rﬁog.v. v%cﬁcooo.v &%ﬁ.v
wovamwmm iﬁ:m%m“ mﬂaﬂﬁvm%# ESWWMW mmmommww awaoWMW# wcmc.mmww. vmncmmmw ;wommmw €870 mmmm mNEWMWW waoowmmm wwvc.mmmm. mﬁmcwmmm NM@OW%M#

mooom.v mooom.v m oom.v m oom.v Soom.v Awmmm.v asm.v Aﬁmi Cmt.v ?,N:.v @85 am:.v Aﬁwi Qm%.v 8%3
02CE 3,03 T 9761 66T T 900C 6789 T 00EE |y )7°g TL82 260706
022E TR0} T 9V6T'GREY T 9008 67RY" T 00EE Ty 17 SL88 TGOZ0"6/6400°¢ape” 6700 Gope" 9700 g0ge: 6090'gege" TEVS g1gE |PEE0 T Tg" 8TE0 GRTE" EPE0'gEeg: 95LE'9apg" PEET TH08¢ g|

1:6 E) Lig 6:1 7 1:6 €14 Lig 6:1 7 1:6 €14 i€ 6:1 7

)

(€)

c:
=[%%al %EQ_ ‘ALY =[%ql: _fm«Q_ ATV = _mEQ, mm:Q_ ¢

'NBN epnoul sioire jey) soijdwl — ‘pjoq

pol ur poy3Iy3IY SI pue I19339q A[uedyrudis suriojrod [opowt A1I9] -Ao[pelg oTu0jost o) et} sor[dul G()°() [9A9] 20URIYIUSIS oY) MO[o( oneA Y :sosorjualed oY) UI 359}

N KUy A\ -UURIA 9} I0J onfeA-d SSPN[OUL OS[e J] '[9POW I9939( & sejedIpul () 1081e] 10 ‘(g) Io[rewts “(10mo]) [IU¢ = ¢ SSO[ TIN oY) Y)m paures]| [opowr A118] -Ko[perg
01107081 pajods[es-fepouwt pue (1oddn) [epowr Au9],-Ao[peig oY) 10} () NeJ, s J[epusd] pue "¢ = ¢ sso[ TIN oY) Yim (g) 10118 JJA\ JO UOIIen[eas 9se] [l 000T

Jo (P3¥sueewr) pjs pue ueowr ‘(pySLr 0y 3jo7) eep JLV Pue ‘TN “Id o] :g Xpueddy pue g'G UOTID0G UT g 2INpadold ‘sjuowrrodxe ejep PIOm-[eal Jo s)msay gg o[qe],

25



[9]

[10]

[11]

[12]

[13]

[16]

[17]

Ford Jr., L.R.: Solution of a ranking problem from binary comparisons. The
American Mathematical Monthly 64(8, Part 2), 28-33 (1957) https://doi.org/10.
2307/2308513

Bradley, R.A., Terry, M.E.: Rank analysis of incomplete block designs: I. The
method of paired comparisons. Biometrika 39(3/4), 324-345 (1952) https://doi.
org/10.2307/2527550

Luce, R.D.: Individual Choice Behavior vol. 4. John Wiley & Sons, New York
(1959)

Thurstone, L.L.: A law of comparative judgment. Psychological Review 34(4),
273286 (1927) https://doi.org/10.1037/h0070288

Mosteller, F.: Remarks on the method of paired comparisons: I. The least
squares solution assuming equal standard deviations and equal correlations.
Psychometrika 16(1), 3-9 (1951) https://doi.org/10.1007/978-0-387-44956-2_8

Stern, H.: A continuum of paired comparisons models. Biometrika 77(2), 265-273
(1990) https://doi.org/10.2307/2336804

Ayer, M., Brunk, H.D., Ewing, G.M., Reid, W.T., Silverman, E.: An empiri-
cal distribution function for sampling with incomplete information. The Annals
of Mathematical Statistics 26(4), 641-647 (1955) https://doi.org/10.1214/aoms/
1177728423

Brunk, H.D.: Maximum likelihood estimates of monotone parameters. The Annals
of Mathematical Statistics 26(4), 607616 (1955) https://doi.org/10.1214/aoms/
1177728420

Van Eeden, C.: Maximum likelihood estimation of ordered probabilities. Pro-
ceedings of the Koninklijke Nederlandse Akademie van Wetenschappen, Seriese
A 59(4), 444-455 (1956) https://doi.org/10.1016/s1385-7258(56)50060- 1

Barlow, R.E., Bartholomew, D.J., Bremner, J.M., Brunk, H.D.: Statistical
Inference Under Order Restrictions: The Theory and Application of Isotonic
Regression. John Wiley & Sons, London and New York (1972)

Robertson, T., Wright, F.T., Dykstra, R.L.: Order Restricted Statistical Infer-
ence. John Wiley & Sons, Chichester (1988)

Chatterjee, S.: Matrix estimation by universal singular value thresholding. The
Annals of Statistics 43(1), 177-214 (2015) https://doi.org/10.1214/14-a0s1272

Shah, N., Balakrishnan, S., Guntuboyina, A., Wainwright, M.: Stochastically
transitive models for pairwise comparisons: Statistical and computational issues.
In: Proceedings of the 33rd International Conference on Machine Learning, pp.

26


https://doi.org/10.2307/2308513
https://doi.org/10.2307/2308513
https://doi.org/10.2307/2527550
https://doi.org/10.2307/2527550
https://doi.org/10.1037/h0070288
https://doi.org/10.1007/978-0-387-44956-2_8
https://doi.org/10.2307/2336804
https://doi.org/10.1214/aoms/1177728423
https://doi.org/10.1214/aoms/1177728423
https://doi.org/10.1214/aoms/1177728420
https://doi.org/10.1214/aoms/1177728420
https://doi.org/10.1016/s1385-7258(56)50060-1
https://doi.org/10.1214/14-aos1272

[30]

[31]

[32]

11-20 (2016). https://doi.org/10.1109/tit.2016.2634418

Chatterjee, S., Guntuboyina, A., Sen, B.: On matrix estimation under mono-
tonicity constraints. Bernoulli 24(2), 1072-1100 (2018) https://doi.org/10.3150/
16-bej865

Elo, A.E., Sloan, S.: The Rating of Chessplayers: Past and Present. Arco
Publishing, Inc., New York (1978)

Hunter, D.R.: MM algorithms for generalized Bradley-Terry models. The Annals
of Statistics 32(1), 384-406 (2004) https://doi.org/10.1214/a0s/1079120141

Nelder, J.A., Wedderburn, R.W.M.: Generalized linear models. Journal of the
Royal Statistical Society Series A: Statistics in Society 135(3), 370-384 (1972)
https://doi.org/10.2307/2344614

Bianco, A.M., Yohai, V.J.: Robust estimation in the logistic regression model. In:
Robust Statistics, Data Analysis, and Computer Intensive Methods, pp. 17-34
(1996). https://doi.org/10.1007/978-1-4612-2380-1_2

Yamasaki, R., Tanaka, T.: Label Smoothing is Robustification against Model
Misspecification. arXiv preprint arXiv:2305.08501 (2023)

Kendall, M.G.: A new measure of rank correlation. Biometrika 30(1-2), 81-93
(1938) https://doi.org/10.2307,/2332226

Spearman, C.: The Proof and Measurement of Association between Two Things.
The American Journal of Psychology 15(1), 72-101 (1904) https://doi.org/10.
1037/11491-005

Noether, G.E.: Why kendall tau? Teaching Statistics 3(2), 41-43 (1981) https:
//doi.org/10.1111/j.1467-9639.1981.th00422.x

Brunk, H.D., Ewing, G.M., Utz, W.R.: Minimizing integrals in certain classes of
monotone functions. Pacific Journal of Mathematics 7(1), 833-847 (1957) https:
//doi.org/10.2140/pjm.1957.7.833

Thompson Jr., W.A.: The problem of negative estimates of variance components.
The Annals of Mathematical Statistics 33(1), 273-289 (1962) https://doi.org/10.
1214/aoms/1177704731

Lee, C.-1.C.: The min-max algorithm and isotonic regression. The Annals of
Statistics 11(2), 467477 (1983) https://doi.org/10.1214/a0s/1176346153

Best, M.J., Chakravarti, N.: Active set algorithms for isotonic regression; a

unifying framework. Mathematical Programming 47(1), 425-439 (1990) https:
//doi.org/10.1007 /bf01580873

27


https://doi.org/10.1109/tit.2016.2634418
https://doi.org/10.3150/16-bej865
https://doi.org/10.3150/16-bej865
https://doi.org/10.1214/aos/1079120141
https://doi.org/10.2307/2344614
https://doi.org/10.1007/978-1-4612-2380-1_2
https://doi.org/10.2307/2332226
https://doi.org/10.1037/11491-005
https://doi.org/10.1037/11491-005
https://doi.org/10.1111/j.1467-9639.1981.tb00422.x
https://doi.org/10.1111/j.1467-9639.1981.tb00422.x
https://doi.org/10.2140/pjm.1957.7.833
https://doi.org/10.2140/pjm.1957.7.833
https://doi.org/10.1214/aoms/1177704731
https://doi.org/10.1214/aoms/1177704731
https://doi.org/10.1214/aos/1176346153
https://doi.org/10.1007/bf01580873
https://doi.org/10.1007/bf01580873

[35]

[40]

[41]

[47]

Leeuw, J., Hornik, K., Mair, P.: Isotone optimization in R: Pool-adjacent-violators
algorithm (PAVA) and active set methods. Journal of Statistical Software 32(5),
1-24 (2010) https://doi.org/10.18637/jss.v032.i05

Shah, N.B., Wainwright, M.J.: Simple, robust and optimal ranking from pairwise
comparisons. Journal of Machine Learning Research 18(199), 1-38 (2018)

Han, R., Ye, R., Tan, C., Chen, K.: Asymptotic theory of sparse Bradley—Terry
model. Annals of Applied Probability 30(5), 2491-2515 (2020) https://doi.org/
10.1214/20-aap1564

Simons, G., Yao, Y.-C.: Asymptotics when the number of parameters tends
to infinity in the Bradley-Terry model for paired comparisons. The Annals of
Statistics 27(3), 1041-1060 (1999) https://doi.org/10.1214/a0s/1018031267

Pedregosa, F., Varoquaux, G., Gramfort, A., Michel, V., Thirion, B., Grisel, O.,
Blondel, M., Prettenhofer, P., Weiss, R., Dubourg, V., Vanderplas, J., Passos, A.,
Cournapeau, D., Brucher, M., Perrot, M., Duchesnay, E.: Scikit-learn: Machine
learning in Python. Journal of Machine Learning Research 12, 2825-2830 (2011)

Springall, A.: Response surface fitting using a generalization of the Bradley-
Terry paired comparison model. Journal of the Royal Statistical Society Series C:
Applied Statistics 22(1), 59-68 (1973) https://doi.org/10.2307 /2346303

De Soete, G., Winsberg, S.: A Thurstonian pairwise choice model with univariate
and multivariate spline transformations. Psychometrika 58(2), 233-256 (1993)
https://doi.org/10.1007/bf02294575

David, H.A.: The Method of Paired Comparisons vol. 12. Charles Griffin and
Company Ltd., London (1963)

Glickman, M.E.: A comprehensive guide to chess ratings. American Chess Journal
3(1), 59-102 (1995)

Glenn, W.A., David, H.A.: Ties in paired-comparison experiments using a mod-
ified Thurstone-Mosteller model. Biometrics 16(1), 86-109 (1960) https://doi.
org/10.2307 /2527957

Rao, P.V., Kupper, L.L.: Ties in paired-comparison experiments: A generaliza-
tion of the Bradley-Terry model. Journal of the American Statistical Association
62(317), 194-204 (1967) https://doi.org/10.2307/2285921

Davidson, R.R.: On extending the Bradley-Terry model to accommodate ties in
paired comparison experiments. Journal of the American Statistical Association

65(329), 317-328 (1970) https://doi.org/10.1080/01621459.1970.10481082

Plackett, R.L.: The analysis of permutations. Journal of the Royal Statistical

28


https://doi.org/10.18637/jss.v032.i05
https://doi.org/10.1214/20-aap1564
https://doi.org/10.1214/20-aap1564
https://doi.org/10.1214/aos/1018031267
https://doi.org/10.2307/2346303
https://doi.org/10.1007/bf02294575
https://doi.org/10.2307/2527957
https://doi.org/10.2307/2527957
https://doi.org/10.2307/2285921
https://doi.org/10.1080/01621459.1970.10481082

Society Series C: Applied Statistics 24(2), 193-202 (1975) https://doi.org/10.
2307/2346567

[48] Marden, J.I.: Analyzing and Modeling Rank Data. CRC Press, Boca Raton
(1996)

29


https://doi.org/10.2307/2346567
https://doi.org/10.2307/2346567

	Introduction
	Preliminaries: Problem Formulation and Generalized Bradley-Terry Model
	Proposal: Isotonic Bradley-Terry Model
	Discussion: Relationships to Nonparametric Bradley-Terry Model
	Numerical Experiments
	Synthetic Data Experiments
	Procedure 1
	Procedure 2
	Consideration of Results


	Real-World Data Experiments
	Procedure 1
	Procedure 2
	Consideration of Results



	Conclusion and Future Works
	Acknowledgements

	Experiments with Specified Model
	Experiments with NLL Loss

